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Question: 1 (20 points) Find the work done by the force F = zlnyi+2ye®]
when a body is taken along the boundary C of the rectangle {(z,y)|0 < z <
2,1 <y < 2} in the clockwise sense.

Solution: Green’s theorem

// (V x F)-iidA= ¢ F-dr.
S oS

We have V x F = (2ye® — %)E so that

2 2 T
W = —/ dx/ dy(2ye” — ;) = 2In2 — 3(e? — 1).
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Note the over-all minus sign since the integration is to be done in the clock-
wise sense.

uestion: points at is the conic section represented by the
Questi 2 (20 point What is th i ti ted by th
quadratic form 422 4+ 122129 + 1322 = 16. Determine its principal axes.

Hint: Write the quadratic form as X7 AX where X = ( il ) and A =
2

air a2 . .
and diagonalize A.
a1 a2

Solution: We identify A from

(.7}1 1‘2)(4 6><$1>
6 13 T9



and diagonalize it:
| 4-X 6

6 13—\ |:0‘

Eigenvalues are A\ =1, A2 = 16. The corresponding eigenvectors

1 2 1 1
w=g(A) =5 ()

give the pricipal axes Ly : y = —%x and Ly : y = 2x. In the oblique

coordinates (z,y) determined by these lines, our quadratic reads

(@ y) ((1) 106><z>:a:2+16y2:16.

This is the equation of an ellipse.
Question: 3 (20 points) Write down a general solution of the differential
equation (w # 1)
y" + wzy = sint.
Solution: Given the solution

y1 = Acoswt + Bsinwt

of the homogeneous equation and a particular solution

Y2 = mslnt

one can write down a general solution y = y; + 9.
Question: 4 (20 points) Find and plot all the values of
(—8 + i8V/3)1.
Solution: We have —8 +i8y/3 = 16¢'% so that its 4th roots are given by
zn = 26613 =0,1,2,3.

Explicitly we have 341, —14+1iv3, —v3 —i, 1 —iy/3.



Question: 5 (20 points) Given the rational function

z

&)=

i. find the zeroes and the poles of f(z)
ii. determine the residues at each pole

iii. integrate f(z) counterclockwise along the simple closed path C :
|z| = 3.

Solution:  f(z) = e=o7 (=72 has one simple zero at zp = 0 and two
simple poles at z; = 2¢ and 2o = —2¢. Using partial fractions we can write
1/2 1/2
f(z) = : -
z—2i z42i

Therefore by inspection we read off the residues at each pole
Reszzgi == 1/2 == RGSZZ,QZ'.

Contour C': |z| = 3 encloses both the poles so that by the residue theorem

2
72 f(z)dz =27 Res,—., =2mi(1/2+41/2) = 2mi.
k=1



