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Two Superconducting Phases in the d = 3 Hubbard Model:

Phase Diagram and Speci�c Heat from Renormalization-Group Calculations
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The phase diagram of the d = 3 Hubbard model is calculated as a function of temperature
and electron density hnii, in the full range of densities between 0 and 2 electrons per site, using
renormalization-group theory. An antiferromagnetic phase occurs at lower temperatures, at and
near the half-�lling density of hnii = 1. The antiferromagnetic phase is unstable to hole or electron
doping of at most 15%, yielding to two distinct "�" phases: for large coupling U=t, one such phase
occurs between 30-35% hole or electron doping, and for small to intermediate coupling U=t another
such phase occurs between 10-18% doping. Both � phases are distinguished by non-zero hole or
electron hopping expectation values at all length scales. Under further doping, the � phases yield
to hole- or electron-rich disordered phases. We have calculated the speci�c heat over the entire
phase diagram. The low-temperature speci�c heat of the weak-coupling � phase shows a BCS-
type exponential decay, indicating a gap in the excitation spectrum, and a cusp singularity at the
phase boundary. The strong-coupling � phase, on the other hand, has characteristics of BEC-type
superconductivity, including a critical exponent � � �1, and an additional peak in the speci�c heat
above the transition temperature indicating pair formation. In the limit of large Coulomb repulsion,
the phase diagram of the tJ model is recovered.

PACS numbers: 74.72.-h, 71.10.Fd, 05.30.Fk, 74.25.Dw

I. INTRODUCTION

The Hubbard model [1] is the simplest realistic (in that
it retains particulate dynamics) model of electronic con-
duction systems. This model should constitute a fair
description for many real solid-state physics systems and
a starting-point description for those systems with added
complexities such as quenched randomness, frustration,
and/or spatial anisotropy. The �rst query that comes
to mind, in the study of either experimental or model
systems, is on the phase diagram, as a function of phys-
ical parameters such as temperature and density. Nev-
ertheless, until recently [2], no estimates, let alone (be it
approximate) solutions, were ventured on the phase dia-
gram of the Hubbard model at dimensions greater than
d = 1, at temperatures greater than T = 0, and densities
away from half-�lling.

The �rst approach to a phase diagram problem, in the
past before the advent of renormalization-group theory
[3], had been through a mean-�eld approximation. How-
ever, such method is not useful for the Hubbard model,
since, where the characteristic phenomena occur away
from half-�lling, the o�-diagonal term in the Hamiltonian
plays a determining role, as we shall see below. There is
no ready way to deal with such a dominant quantum
mechanical e�ect using mean-�eld theory. On the other
hand, renormalization-group theory, which some time
ago has excelled over mean-�eld theory in phase diagram
studies, is e�ective. Previous renormalization-group cal-
culations have concentrated on studying the Hubbard
model in lower dimensions, at zero temperature, or at
half-�lling: The zero-temperature (ground-state) prop-
erties were successfully obtained in d = 1; 2; 3.[4, 5] In
d = 1 at half-�lling, the thermodynamic properties were

accurately calculated for �nite temperatures.[6] In cases
where comparison is possible due to the availability of
exact results in d = 1, the renormalization-group results
have proven to be very accurate, coming to within about
1% of the exact results.[5, 6] In d = 2 at half �lling,
it was found that no phase transition occurs as a func-
tion of temperature.[7, 8] This result was later extended
to other �llings in d = 2 [9] and con�rmed by quantum
Monte Carlo calculations [10]. In d = 3 at half �lling, an
antiferromagnetic phase transition as a function of tem-
perature was obtained.[8] One calculation done in d = 3
at �nite temperature and arbitrary chemical potential
[9] did not obtain the "�" phase reported below and in
Ref.[2].

The physics of the Hubbard model in the limit of large
Coulomb repulsion is believed to be described by the
tJ model [11, 12]. Application of renormalization-group
theory to the entire density range of the tJ model at
�nite temperatures in d = 3 has yielded [13, 14], be-
tween 30-40% vacancies from hnii = 1, a novel (dubbed
"�") phase in which the electron hopping strength in the
Hamiltonian renormalizes to in�nity under repeated scale
changes, while the system remains partially �lled. The
calculated topology of the phase diagram, including near
the � phase a �rst-order phase transition that is very nar-
row (less than 2% jump in the electron density) and an
antiferromagnetic phase that is unstable to at most 10%
vacancies from hnii = 1, is indeed reminiscent of exper-
imental phase diagram determinations with lanthanide
oxides [15].

While the studies above [4, 5, 6, 7, 8, 9, 13, 14] have
used position-space renormalization-group approaches,
there has recently been a revival of interest in Wilson
perturbative renormalization-group methods applied to
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correlated fermion problems. These methods have long
been known to be successful for one-dimensional sys-
tems [16, 17] and, in the last few years, for the d = 2
Hubbard model, they have yielded antiferromagnetic in-
stabilities near half-�lling and superconducting instabil-
ities at smaller densities [18, 19, 20, 21, 22, 23]. Because
of the perturbative nature of these treatments, their pre-
dictions are strictly valid only in the case of weak cou-
pling. The position-space renormalization-group method
presented in this paper appears to work over the entire
range of coupling strengths, as seen below, and yields
de�nite phase diagrams and thermodynamic functions.

In fact, our approach makes an interesting predic-
tion for the evolution of the Hubbard phase diagram as
coupling is increased. We �nd two distinct � phases,
one occurring at small to intermediate coupling and the
other, inclusive of the tJ model � phase, occurring at
strong coupling. From an analysis of their speci�c heat
behaviors, we �nd that the two � phases respectively
have characteristic properties of a weakly-coupled BCS-
type and a strongly-coupled BEC-type superconducting
phase. Since high-Tc materials share aspects of both lim-
its, and are thought to lie in some intermediate coupling
range [24], our prediction for the Hubbard phase diagram
may be directly relevant to the physics of high-Tc super-
conductors.

II. THE HUBBARD MODEL

The Hubbard model is de�ned by the Hamiltonian

��H = � t
X

hiji;�

�

cy
i�cj� + cy

j�ci�

�

(1)

� U0

X

i

ni"ni# + �0

X

i

ni ;

with � = 1=kT , describing electron conduction on a

d-dimensional hypercubic lattice. Here cy
i� and ci� re-

spectively are creation and annihilation operators, obey-
ing anticommutation rules, for an electron with spin

� = " or # at the site i of the lattice; ni� = cy
i�ci�

and ni = ni" + ni# are electron number operators. Each
lattice site can accommodate up to two electrons with
opposite spins. The index hiji denotes summation over
all nearest-neighbor pairs of sites. The three terms of
this Hamiltonian respectively incorporate kinetic energy
(parametrized by the electron hopping strength t), on-
site Coulomb repulsion (with coe�cient U0 > 0), and
chemical potential �0. It is convenient for our purposes
to rearrange Eq.(1) into an equivalent Hamiltonian by

grouping into a single lattice summation:

��H =
X

hiji

(

�t
X

�

�

cy
i�cj� + cy

j�ci�

�

(2)

�U (ni"ni# + nj"nj#) + � (ni + nj)g

�
X

hiji
f��H(i; j)g :

The interaction constants are trivially related by U =
U0=2d; � = �0=2d, and we have hereby exhibited the
individual-pair Hamiltonian ��H(i; j).

III. RENORMALIZATION-GROUP

TRANSFORMATION

A. Exact Formulation in d = 1

For d = 1 (with lattice sites i = 1; 2; 3; : : :), the Hub-
bard Hamiltonian in Eq.(2) takes the form

��H =
X

i

f��H(i; i+ 1)g ; (3)

for which an exact renormalization-group transformation
can be formulated. In terms of matrix elements, this
exact transformation is [13]

hu1u3u5 � � � je��0H0
jv1v3v5 � � � i =

X

w2;w4;w6;:::

hu1w2u3w4u5w6 � � � je��H jv1w2v3w4v5w6 � � � i;

(4)

where ui, vi, and wi are state variables for lattice site i.
These variables range over the set f�; "; #; mg, by which
we represent the no electron, a single electron with spin
up, a single electron with spin down, and doubly occu-
pied states. Here and below, the quantities referring to
the renormalized (rescaled) system are denoted with a
prime. The transformation in Eq.(4) eliminates half of
the degrees of freedom in the system, while exactly pre-
serving the partition function (Z 0 = Z). However, the
transformation cannot be readily implemented, due to
the non-commutativity of the operators in the Hamilto-
nian.
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B. Approximation in d = 1

The renormalization-group transformation formulated
in Sec.IIIA is implemented approximately, as follows:

Trevene
��H =Trevene

P

if��H(i;i+1)g

=Trevene
P even

i f��H(i�1;i)��H(i;i+1)g

’
even
Y

i

Trie
f��H(i�1;i)��H(i;i+1)g

=

even
Y

i

e��0H0(i�1;i+1)

’e
P even

i f��0H0(i�1;i+1)g = e��0H0
:

(5)

In the two approximate steps, marked by ’ in Eq.(5), we
ignore the non-commutation of operators separated be-
yond three consecutive sites of the unrenormalized sys-
tem. Since each of these two steps involves the same
approximation but in opposite directions, some mutual
compensation can be expected. The success of this
approximation at predicting �nite-temperature behavior
has been veri�ed in earlier studies of quantum spin sys-
tems [25, 26].

The algebraic content of the renormalization-group
mapping can be extracted from Eq.(5) as

e��0H0(i;k) = Trje
��H(i;j)��H(j;k); (6)

where i; j; k are three consecutive sites of the unrenormal-
ized system. The operators ��0H 0(i; k) and ��H(i; j) �
�H(j; k) act on the space of two-site and three-site states
respectively, so that, in terms of matrix elements,

huivkje��0H0(i;k)j�ui�vki =
X

wj

hui wj vkje��H(i;j)��H(j;k)j�uiwj �vki ; (7)

where ui; wj ; vk; �ui; �vk are single-site state variables.
Eq.(7) indicates the contraction of a 64 � 64 matrix on
the right into a 16�16 matrix on the left. This is greatly
simpli�ed by the use of two- and three-site basis states
that block-diagonalize respectively the left and right sides
of Eq.(7). These basis states are the eigenstates of to-
tal particle number, total spin magnitude, total spin z-
component, and parity. We denote the set of 16 two-site
eigenstates by fj�pig and the set of 64 three-site eigen-
states by fj qig, and list them in Tables I and II. Eq.(7)
is rewritten as

h�pje
��0H0(i;k)j��pi =

X

u;v;�u;
�v;w

X

q;�q

h�pjuivkihuiwjvkj qih q je
��H(i;j)��H(j;k)j �qi�

h �qj�uiwj�vkih�ui�vkj��pi : (8)

In the above equation, with the eigenstates shown in Ta-
bles I and II, the largest block in h�pje��0H0(i;k)j��pi is

2�2 and the largest block in h qje��H(i;j)��H(j;k)j �qi is
4�4. (In previous work [2], some matrix elements in these
blocks were incorrectly derived). Eq.(8) yields eleven in-

dependent elements for the matrix h�pje��0H0(i;k)j��pi of
the renormalized system. These we label 
p, as shown in
Appendix A. The values of the 
p in terms of the matrix
elements of the unrenormalized system, dictated by the
right-hand side of Eq.(8), are also given in Appendix A.

n p s ms Two-site basis states
0 + 0 0 j�1i = j � �i
1 + 1=2 1=2 j�2i = 1p

2
fj " �i + j� "ig

1 � 1=2 1=2 j�4i = 1p
2
fj " �i � j� "ig

2 + 0 0 j�6i = 1p
2
fj m �i + j� mig

2 � 0 0 j�7i = 1p
2
fj m �i � j� mig;

j�8i = 1p
2
fj "#i � j #"ig

2 + 1 1 j�9i = j ""i
2 + 1 0 j�10i = 1p

2
fj "#i + j #"ig

3 + 1=2 1=2 j�12i = 1p
2
fj m"i + j "mig

3 � 1=2 1=2 j�14i = 1p
2
fj m"i � j "mig

4 + 0 0 j�16i = j mmi

TABLE I: The two-site basis states used in the derivation
of the recursion relations, in Eq. (8). In these basis states,

e��0H0(i;k) is diagonal, with the exception of a 2 � 2 block
involving j�6i and j�8i. The corresponding particle number
(n), parity (p), total spin (s), and total spin z-component
(ms) quantum numbers are also given. The states j�3i, j�5i,
j�11i, j�13i, j�15i are obtained by spin reversal from j�2i,
j�4i, j�9i, j�12i, j�14i, respectively.

C. Hamiltonian Closed Form under

the Renormalization-Group Transformation

Since eleven interaction strengths can be indepen-
dently �xed by the eleven 
p, the Hamiltonian ��0H 0

which is embodied in Appendix A has a more general
form than that of the Hubbard Hamiltonian in Eq.(2).
This generalized form of the pair Hamiltonian is

��H(i; j) =

�
X

�

[ t0 hi��hj�� + t1(hi��nj�� + ni��hj��)

+t2 ni��nj��]
�

cy
i�cj� + cy

j�ci�

�

� tx

�

cy
i"cj"c

y
i#cj# + cy

j"ci"c
y
j#ci#

�

� U (ni"ni# + nj"nj#) + � (ni + nj) + J ~Si � ~Sj
+ V2ninj + V3 (ni"ni#nj + ninj"nj#)

+ V4ni"ni#nj"nj# + G ;

(9)

where hi� � 1 � ni� is the hole (vacancy) operator

and ~Si =
P

�;�� c
y
i�~s���ci�� , with ~s��� the vector of Pauli

spin matrices, is the spin operator at site i. In general,
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n p s ms Three-site basis states
0 + 0 0 j 1i = j � � �i
1 + 1=2 1=2 j 2i = j� " �i; j 3i = 1p

2
fj " � �i + j � � "ig

1 � 1=2 1=2 j 6i = 1p
2
fj " � �i � j � � "ig

2 + 0 0 j 8i = 1
2
fj "# �i � j #" �i � j� "#i + j� #"ig;

j 9i = j� m �i; j 10i = 1p
2
fj m � �i + j � � mig

2 � 0 0 j 11i = 1
2
fj "# �i � j #" �i + j� "#i � j� #"ig;

j 12i = 1p
2
fj " � #i � j # � "ig;

j 13i = 1p
2
fj m � �i � j � � mig

2 + 1 1 j 14i = j " � "i; j 15i = 1p
2
fj "" �i + j� ""ig

2 + 1 0 j 16i = 1
2
fj "# �i + j #" �i + j� "#i + j� #"ig;

j 17i = 1p
2
fj " � #i + j # � "ig

2 � 1 1 j 20i = 1p
2
fj "" �i � j� ""ig

2 � 1 0 j 21i = 1
2
fj "# �i + j #" �i � j� "#i � j� #"ig

3 + 1=2 1=2 j 23i = 1p
6
f2j "#"i � j ""#i � j #""ig;

j 24i = 1p
2
fj "m �i + j� m"ig;

j 25i = 1p
2
fj " � mi + j m � "ig;

j 26i = 1p
2
fj m" �i + j� "mig

3 � 1=2 1=2 j 31i = 1p
2
fj ""#i � j #""ig;

j 32i = 1p
2
fj "m �i � j� m"ig;

j 33i = 1p
2
fj " � mi � j m � "ig;

j 34i = 1p
2
fj m" �i � j� "mig

3 + 3=2 3=2 j 39i = j """i
3 + 3=2 1=2 j 40i = 1p

3
fj "#"i + j ""#i + j #""ig

4 + 0 0 j 43i = j m � mi; j 44i = 1p
2
fj mm �i + j� mmig;

j 45i = 1
2
fj "#mi � j #"mi � j m"#i + j m#"ig

4 � 0 0 j 46i = 1
2
fj #"mi � j "#mi � j m"#i + j m#"ig;

j 47i = 1p
2
fj "m#i � j #m"ig;

j 48i = 1p
2
fj mm �i � j� mmig

4 + 1 1 j 49i = j "m"i; j 50i = 1p
2
fj ""mi + j m""ig

4 + 1 0 j 51i = 1
2
fj "#mi + j #"mi + j m"#i + j m#"ig;

j 52i = 1p
2
fj "m#i + j #m"ig

4 � 1 1 j 55i = 1p
2
fj ""mi � j m""ig

4 � 1 0 j 56i = 1
2
fj "#mi + j #"mi � j m"#i � j m#"ig

5 + 1=2 1=2 j 58i = j m"mi; j 59i = 1p
2
fj "mmi + j mm"ig

5 � 1=2 1=2 j 62i = 1p
2
fj mm"i � j "mmig

6 + 0 0 j 64i = j mmmi

TABLE II: The three-site basis states used in the deriva-
tion of the recursion relations, in Eq. (8). In these basis

states, e��H(i;j)��H(j;k) is block-diagonal, with the largest
blocks being 4 � 4 (see Table IV). The corresponding parti-
cle number (n), parity (p), total spin (s), and total spin z-
component (ms) quantum numbers are also given. The states
j�4�5i, j�7i, j�18�19i, j�22i, j�27�30i, j�35�38i, j�41�42i,
j�53�54i, j�57i, j�60�61i, j�63i are obtained by spin reversal
from j�2�3i, j�6i, j�14�15i, j�20i, j�23�26i, j�31�34i, j�39�40i,
j�49�50i, j�55i, j�58�59i, j�62i, respectively.

the Hubbard Hamiltonian, after one renormalization-
group transformation, maps onto this generalized Hamil-
tonian, which has a form that stays closed under further
renormalization-group transformations.

The kinetic energy part of the Hamiltonian in Eq.(9)
distinguishes the four types of nearest-neighbor hop-
ping events: i) vacancy hopping (the t0 term): a
vacancy (hole) hopping against a background of single-

electron occupancy (half-�lling); ii) pair breaking or
pair making (the t1 term): doubly occupied and com-
pletely unoccupied nearest-neighbor sites reverting to
half-�lling, or the reverse process; iii) pair hopping
(the t2 term): a pair hopping against a background
of half-�lling; iv) vacancy - pair interchange (the
tx term): doubly occupied and completely unoccupied
nearest-neighbor sites exchanging positions.

The generalized Hamiltonian of Eq.(9) reduces to the
Hubbard Hamiltonian of Eq.(2) for t0 = t1 = t2 = t and
tx = J = V2 = V3 = V4 = G = 0 : The renormalization-
group 
ows occur in the 10-dimensional interaction space
of the generalized Hamiltonian; the 3-dimensional inter-
action space of the Hubbard Hamiltonian contains the
initial conditions of the renormalization-group 
ows.

The matrix elements of the renormalized pair Hamil-
tonian ��0H 0(i; k) are given in Table III in terms of the
renormalized interaction constants. Table III allows us to
solve for the renormalized interaction constants in terms
of the 
p given in Appendix A:

t00 =
1

2
ln

4


2
; t01 = u


0


8 � 
6
;

t02 =
1

2
ln

12


14
; t0x =

1

2
(u� v + ln 
7) ;

U 0 =
1

2

�

u� v + ln

2

2

2
4


2
1
7

�

; �0 =
1

2
ln

2
4


2
1

;

J 0 = �u� v + ln 
9; V 0
2 =

1

4
ln

4

1

3
9


4
2


4
4

+
1

4
(u+ v);

V 0
3 =

1

2
ln

3

2

3
4
12
14


2
1
7
3

9

� v; V 0
4 = ln


1
7

3
9
16


2
2


2
4


2
12


2
14

+ 2v;

G0 = ln 
1; (10)

where

v =
1

2
ln

�


6
8 � 
2
0

�

;

u =

8 � 
6

q

(
8 � 
6)
2

+ 4
2
0

cosh�1

�


8 + 
6

2ev

�

:

This completes the determination of our
renormalization-group transformation, whose 
ows
in the ten-dimensional interaction space (t0; t1; t2; tx;
U; �; J; V2; V3; V4) are to be analyzed. (G is an additive
constant not in
uencing the 
ows of the 10 other
interaction constants. However, for expectation value
calculations, its derivatives must be included in Eq.(13).)

D. d = 1 Renormalization-Group Transformation

The transformation described above is the re-
moval (decimation) of every other site in a lin-
ear array. This decimation produces the mapping
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��0H0(i; k) �1 �2 �4 �7 �9 �10

�1 G0

�2
�t00 +

�0 +G0 0

�4
t00 +

�0 +G0

�7
t0x�U 0+
2�0 +G0

�9 0
2�0 +
1
4J

0 +

V 0
2 + G0

�10

2�0 +
1
4J

0 +

V 0
2 + G0

��0H0(i; k) �6 �8

�6 �t0x � U 0 + 2�0 + G0 2t01
�8 2t01 2�0 � 3

4J
0 + V 0

2 + G0

��0H0(i; k) �12 �14 �16

�12
t02 � U 0 + 3�0

+2V 0
2 +V 0

3 +G0

�14
�t02 � U 0 + 3�0

+2V 0
2 +V 0

3 +G0 0

�16 0
�2U 0 +4�0 +4V 0

2

+4V 0
3 + V 0

4 + G0

TABLE III: Block-diagonal matrix of the renormalized two-
site Hamiltonian ��0H 0(i; k). The Hamiltonian being invari-
ant under spin-reversal, the spin-
ipped matrix elements are
not shown.

of a Hamiltonian with interaction constants K =
(t0; t1; t2; tx; U; �; J; V2; V3; V4; G) onto another Hamilto-
nian with interaction constants

K0 = R(K): (11)

The function R is calculated as follows:
(1) The matrix elements of ��H(i; j) � �H(j; k) are

determined in the three-site basis f qg given in Table II.
In this basis, this matrix is block-diagonal as shown in
Table IV, with the largest block being 4 � 4.

(2) The above block-diagonal matrix is exponentiated,
yielding the matrix elements h qje��H(i;j)��H(j;k)j �qi
which enter on the right-hand side of Eq.(8). This in
turn yields the eleven 
p (as given in Appendix A).

(3) Using Eqs.(10), the interaction constants of the
renormalized Hamiltonian ��0H 0(i; k), namely (t00, t01, t02,
t0x,U 0,�0, J 0,V 0

2 ,V 0
3 , V 0

4 ,G0) are found.
The initial conditions, for the iterated renormalization-

group transformations that constitute the
renormalization-group 
ow, are the interaction constants
of the Hubbard Hamiltonian, K0 = (t0 = t; t1 = t; t2 =
t; tx = 0; U; �; J = 0; V2 = 0; V3 = 0; V4 = 0; G = 0).

E. d > 1 Renormalization-Group Transformation

The Migdal-Kadano� approximation procedure [27,
28] (which has been remarkably e�ective in problems
as diverse as lower-critical dimensions for di�erent types

 1

 1 0

 2  3

 2 2� �
p

2t0
 3 �

p
2t0 �

 6

 6 �

 9  10  11  12

 9 �2U + 4� �
p

2tx 2t1 0

 10 �
p

2tx �U + 2�
p

2t1 0

 11 2t1
p

2t1 3� � 3
4J + V2 �

p
2t0

 12 0 0 �
p

2t0 2�

 8  13

 8 3�� 3
4J + V2

p
2t1

 13

p
2t1 �U + 2�

 14  15

 14 2� �
p

2t0
 15 �

p
2t0 3� + 1

4J + V2

 16  17

 16 3� + 1
4J + V2 �

p
2t0

 17 �
p

2t0 2�

 20

 20
3� +

1
4J + V2

 21

 21
3� +

1
4J + V2

 24  25  26  31

 24
�2U + 5� +

2V2 + V3
�tx t2 t1

 25 �tx �U + 3� �t0 t1

 26 t2 �t0 �U+4�+
2V2 + V3

0

 31 t1 t1 0 4�+ 2V2

 23  32  33  34

 23 4� � J + 2V2 �
p

3t1 �
p

3t1 0

 32 �
p

3t1
�2U + 5� +

2V2 + V3
�tx t2

 33 �
p

3t1 �tx �U + 3� t0

 34 0 t2 t0
�U + 4�+

2V2 + V3

 39

 39 4�+ 1
2J + 2V2

 40

 40 4�+ 1
2J + 2V2

 43  44  46  47

 43 �2U + 4� �
p

2tx �2t1 0

 44 �
p

2tx
�3U + 6�+

4V2 + 4V3 +V4
�

p
2t1 0

 46 �2t1 �
p

2t1
�U + 5� �

3
4J + 3V2 + V3

�
p

2t2

 47 0 0 �
p

2t2
�2U + 6� +

4V2 + 2V3

 45  48

 45 �U + 5� � 3
4J + 3V2 + V3 �

p
2t1

 48 �
p

2t1 �3U + 6�+ 4V2 + 4V3 + V4

 49  50

 49 �2U + 6� + 4V2 + 2V3

p
2t2

 50

p
2t2 �U + 5� + 1

4J + 3V2 + V3

 51  52

 51 �U + 5� + 1
4J + 3V2 + V3

p
2t2

 52

p
2t2 �2U + 6�+ 4V2 + 2V3

 55

 55
�U + 5� +

1
4J + 3V2 + V3

 56

 56
�U + 5� +

1
4J + 3V2 + V3

 58  59

 58 �2U + 6�+ 4V2 + 2V3

p
2t2

 59

p
2t2 �3U + 7�+ 6V2 + 5V3 + V4

 62

 62
�3U + 7�+ 6V2 +

5V3 + V4

 64

 64
�4U + 8� + 8V2 +

8V3 + 2V4

TABLE IV: Diagonal matrix blocks of the unrenormalized
three-site Hamiltonian ��H(i; j) � �H(j; k). The Hamilto-
nian being invariant under spin-reversal, the spin-
ipped ma-
trix elements are not shown. The additive constant contribu-
tion 2G, occurring at the diagonal terms, is also not shown.
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of phase transitions; �rst- and second-order phase tran-
sitions in q-state Potts models; algebraic order in the
d = 2 XY model; random-�eld, random-bond, spin-glass
systems; quenched-disorder-induced criticality; etc.) is
used to construct the renormalization-group transforma-
tion for d > 1. In the d-dimensional hypercubic lattice,
a subset of the nearest-neighbor interactions are ignored,
so that a hypercubic lattice (still d-dimensional) is left
behind, in which each lattice point is connected by two
consecutive nearest-neighbor segments of the original lat-
tice. The decimation described above can then be applied
to the site connecting these two segments of the original
lattice, yielding the renormalized nearest-neighbor cou-
plings between the lattice points of the new hypercubic
lattice. To compensate for the nearest-neighbor interac-
tions that are ignored, the couplings are multiplied by a
factor of bd� 1 after decimation, b = 2 being the length
rescaling factor. Thus, the renormalization-group trans-
formation of Eq.(11) in the previous section generalizes,
for d > 1, to

K 0 = bd� 1R (K ): (12)

F. Supporting Results

New global phase diagrams obtained by approximate
renormalization-group transformations are supported by
the correct rendition of all of the special cases of the
system solved. The Hamiltonian in Eq.(9), which is the
system presently solved by approximate recursion rela-
tions, reduces in various limits to the Ising, quantum
XY, and quantum Heisenberg spin systems. Our recur-
sion relations correctly yield the lower critical-dimensions
dl of the Ising (dl = 1), quantum XY ( dl = 2), and
quantum Heisenberg (dl = 2) spin systems. For the
quantum XY spin system in d = 2, this approximation
yields the algebraically ordered Kosterlitz-Thouless low-
temperature phase.[25, 26] For the quantum Heisenberg
spin system in d = 3, our recursion relations yield low-
temperature antiferromagnetically (for J < 0) and ferro-
magnetically (for J > 0) ordered phases, each separated
by a second-order transition from the high-temperature
disordered phase. The antiferromagnetic transition tem-
perature is thus found to be 1.22 times [13] the ferromag-
netic transition temperature, a purely quantum mechan-
ical e�ect, and to be compared with the value of 1.13
from series expansion [29, 30]. Furthermore, as purely
o�-diagonal quantum e�ects, the hopping-induced anti-
ferromagnetism of the d = 3 Hubbard model is recov-
ered and the scaling of the antiferromagnetic transition
temperature is obtained with an excellent quantitative
agreement, as discussed in Sec.V at Eq.(16) and shown
in Fig.3. In fact, the scaling of the antiferromagnetic
transition at strong-coupling (Fig. 3), as well as the re-
sults quoted above, and the disappearance of the transi-
tion at zero coupling (Fig. 4), indicate the validity of our
approximation across the entire strong-to-weak coupling

range. Finally, the Blume-Emery-Gri�ths model is con-
tained in the Hamiltonian of Eq.(9) and its global phase
diagram [31] is obtained from our recursion relations. All
of these results strongly support the validity of the global
calculation here.

IV. RENORMALIZATION-GROUP ANALYSIS:
GLOBAL PHASE DIAGRAM AND

OPERATOR EXPECTATION VALUES

From the recursion equations determined in the pre-
ceding section, 
ows are generated for initial values
of t; U , and � in the Hubbard Hamiltonian. The
renormalization-group transformation, which constitutes
each step of the 
ow, is e�ected numerically. Particular
attention has to be given to the multiplication of small
amplitudes with large exponentials, which can occur in
the right-hand side of Eq.(8) when interaction constants
become large, causing the computational di�culties en-
countered in previous work [2].

Each completely stable �xed point, namely sink of the
renormalization-group 
ows, corresponds to a thermo-
dynamic phase, and the global phase diagram is found
by identifying the basin of attraction for every sink.[31]
The expectation values for the operators occurring in the
Hamiltonian are obtained from the conjugate recursion
relations, [32]

n� = b� dn0
� T�� ; (13)

with summation over the repeated index� implicit. The
recursion matrix is

T�� =
@K0

�

@K�
; (14)

where K � is an interaction strength, namely a compo-
nent in the interaction strength vector K de�ned before
Eq.(11); n� is the expectation value of the operator that
occurs in the Hamiltonian with coe�cient K � . Eq.(13) is
iterated along a trajectory until a phase sink limit. The
left eigenvector ofT�� with eigenvaluebd gives the expec-
tation values at the phase sink, thereby completing the
calculation of the expectation values of the initial point
of the trajectory.

The observed phase sinks in the calculations for the
d = 3 Hubbard model | the details of which are shown in
Table V | have a property in common: at the sink limit,
t1 renormalizes toward zero. In the limit t1 ! 0, analytic
expressions are derived to �rst order int1 for the matrix
elementsh qje� �H ( i;j ) � �H ( j;k ) j �qi on the right-hand side
of Eq.(8). This yields, in the neighborhood of each phase
sink, analytic renormalization-group equations. The ana-
lytic equations provide a useful check on the accuracy of
the numerical calculations, and lead to closed-form ex-
pressions for limiting values of interaction strengths or
ratios of limiting values of interaction strengths.


