RELATIVE GIROUX CORRESPONDENCE
TOLGA ETGU AND BURAK OZBAGCI

ABSTRACT. Recently, Honda, Kazez and MafB] described an adapted partial open book
decomposition of a compact cont&:tnanifold with convex boundary by generalizing the
work of Giroux in the closed case. This description inducesap from isomorphism
classes of compact conta@imanifolds with convex boundary to isomorphism classes of
partial open book decompositions modulo positive stadgilon. In this paper we construct
the inverse of this map by describing a compact corBanaanifold with convex boundary
compatible with an abstract partial open book decompasitiGonsequently, combined
with the work of Honda, Kazez and Méatiwe obtain a relative version of Giroux corre-
spondence.

0. INTRODUCTION

Let (M; I') be a balanced suturégdmanifold and let be a contact structure avi with
convex boundary whose dividing set @Mis isotopic tol". Recently, Honda, Kazez and
Mati€ [9] introduced an invariant of the contact structunehich lives in the sutured Floer
homology group de ned by Jsz [6]. This invariant is a relative version of the contact
class in Heegaard Floer homology in the closed case as ddge@zs\ath and Szab
[11] and reformulated in [8]. Both the original de nition irl]l] and the reformulation
of the contact class by Honda, Kazez and Katepend heavily on the so called Giroux
correspondence [5] which is a one-to-one correspondenweebr isomorphism classes
of open book decompositions modulo positive stabilizatowl isomorphism classes of
contact structures on clos8emanifolds.

In order to adapt their reformulation [8] of the contact elas the case of a contact
manifold (M; ) with convex boundary, Honda, Kazez and Madiescribed in [9], a par-
tial open book decomposition &fl (adapted to ) by generalizing the work of Giroux
in the closed case. This description coupled with Theoréndnd the subsequent dis-
cussion) in [9] induces a map from isomorphism classes ofpamincontacB8-manifolds
with convex boundary to isomorphism classes of partial dp@rk decompositions mod-
ulo positive stabilization. In this paper we construct theerse of this map by describing
a compact conta@-manifold with convex boundary compatible with abstractpartial
open book decomposition. One could possibly adapt the@kpbnstruction of Thurston
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and Winkelnkemper [13] in the closed case to de ne a contaatiire compatible with
an abstract partial open book decomposition but we rathesecko mimic the analogous
result of Torisu [12] which conveniently allowed us to keegck of the dividing set on the
boundary. Consequently, combined with the work of Honda,ekand Matit, we obtain
a relative version of Giroux correspondence, namely tHeviehg theorem.

Theorem 0.1. There is a one-to-one correspondence between isomorphéssed of par-
tial open book decompositions modulo positive stabilmatind isomorphism classes of
compact contac3-manifolds with convex boundary.

The paper is organized as follows: In Section 1 we giveahstractde nition of a
partial open book decompositid®; P; h), construct a balanced sutured manif¢hd; IN)
associated t@S; P; h), construct a (uniguegompatiblecontact structure on M which
makes@ Mconvex with a dividing set isotopic tb. In Section 2 we prove Theorem 0.1
after reviewing the related results due to Honda, Kazez aatitNP]. The reader is advised
to turn to Etnyre's notes [3] for the related material on emtbtopology of3-manifolds.

1. PARTIAL OPEN BOOK DECOMPOSITIONS AND COMPATIBLE CONTACT STRCTURES

The rst description of a partial open book decompositiors appeared in [9]. In this
paper we give an abstract version of this description.

De nition 1.1. A partial open book decomposition is a trip{8; P; h) satisfying the fol-
lowing conditions:

(1) Sis a compact oriented connected surface v@iss ; ,

(2) P =Py[ P2[ :::[ Prisaproper (not necessarily connected) subsurfacg sifich

(3)h: P! Sisanembedding such thajs = identity, whereA = @P @S

Remark 1.2. It follows from the above de nition tha& is a 1-manifold with honempty
boundary, and@ Pn @ Ss a nonempty set consisting of some arcs (but no closed compo
nents). The connectedness conditiorSas not essential, but simpli es the discussion.

A sutured manifoldM; IN) is a compact oriente8manifold with nonempty boundary,
together with a compact subsurfalce= A(IN) [ T(IN) @M whereA(IN) is a union of
pairwise disjoint annuli and (I") is a union of tori. Moreover we orient each component
of @Mn T, subject to the condition that the orientation changesyetere we nontrivially
crossA(lN). Let R.(IN) (resp. R (IN)) be the open subsurface @Mn " on which the
orientation agrees with (resp. is the opposite of ) the baundrientation or@M

Given a partial open book decompositi¢8; P; h), we construct a sutured manifold
(M; I") as follows: Let

H=(E [ L0)=
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FIGURE 1. An example ofS and P satisfying the conditions in De ni-
tion 1.1: S nP is an annulus an8 is a once punctured torus.

where(x;t)  (x;t9 forx 2 @Sandt;t°2 [ 1;0]. Itis easy to see thati is a solid
handlebody whose oriented boundary is the surfacé 0g[ S f 1g (modulo the
relation(x; 0) (x; 1) foreveryx 2 @$. Similarly let

N=(P [01])=

where(x;t)  (x;t9 forx 2 A andt;t°2 [0; 1]. SinceP is not necessarily connectddis
not necessarily connected. Observe that each componéhioalso a solid handlebody.

the connected components@™ @SThen, forl i n,thediskD; = (¢ [0;1])=
belongs toa@N Thus part of@ Nis given by the disjoint union dD;'s. The rest of@ Nis
the surfacd® f 1g[ P f 0g(modulo the relatiorfx; 0) (x; 1) for everyx 2 A).

FIGURE 2. A partial open book decompositiokt as the union oN andH

LetM = N [ H where we glue these manifolds by identifyiRg f 0g @ Nwith
Pf O0Og @HandP f 1g @Nwithh(P)f 1g @H Since the gluingidenti cation
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is orientation reversinlyl is a compact oriente8manifold with oriented boundary

@M= (SnP) f 0g[ (Snh(P)) f 1g[ (@M@3 [0;1]
(modulo the identi cations given above).

De nition 1.3. If a compact3-manifoldM with boundary is obtained fror(S; P; h) as
discussed above, then we call the trig& P; h) a partial open book decomposition gf.

We de ne the suturd” on @ Mas the set of closed curves (see Remark 1.4) obtained by
gluingthearcg; f 1=2g @Nforl i n,withthearcsin@S$h@h f 0g @H
hence as an oriented simple closed curve and modulo idetitbies

r=(@sa@n f g (@M@ f 1=29:

Remark 1.4. If a sutured manifoldM; ") has only annular sutures, then it is convenient
to refer to the set of core circles of these annulias

De nition 1.5. The sutured manifol@; IN) obtained from a partial open book decompo-
sition (S; P; h) as described above is called the sutured manifold assatiatés; P; h).

De nition 1.6 ([6]). A sutured manifoldM; I') is balanced ifM has no closed compo-
nents, o(A(N)! o(@M is surjective, and (R+(I")) = (R (IN)) on every component
of M.

Remark 1.7. It follows that if (M; I") is balanced, their = A(I") and every component of
@ Mnontrivially intersects the sutute.

Lemma 1.8. The sutured manifol@; ') associated to a partial open book decomposition
(S; P; h) is balanced.

Proof. It is clear thatM is connected since we assumed t8as connected. We observe
that@ME& ; sinceP is a proper subset @& by our de nition and thusM has no closed
components. By our construction every componen@dficontains a diskD; = (¢;
[0;1D)= forsomel i n.Hence every component @Mcontainsa; f 1=2g T
and therefore o(A(IN)) !  o(@M is surjective. Now leR..(I") be the open subsurface
in @ Mobtained by gluing

(Sn@%nP) f 0g @Hand [ L, (¢ [0;1=2))= @N
andR (I") be the open subsurface @ Mobtained by gluing
(Sn@%nh(P)) f 1g @Hand [L; (& (1=2;1])= @N

under the gluing map that is used to constiMct Sinceh : P ! S is an embedding we
have (P) = (h(P))and itfollowsthat (R+(N)) = (R (IN)).

The following result is inspired by Torisu's work [12] in tlidosed case.
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Proposition 1.9. Let(M; I') be the balanced sutured manifold associated to a partiahope
book decompositio(S; P; h). Then there exists a contact structuren M satisfying the
following conditions:

(1) istight when restricted tél andN,

(2) @His a convex surface i(M; ) whose dividing seti@Sf 0g,

(3) @Nis a convex surface i(M; ) whose dividing seti@P f 1=2g.

Moreover such is unigue up to isotopy.

Proof. We will prove that there is a unique tight contact structune o isotopy) on each
pieceH andN with the given boundary conditions. Then one can concludettrere is
a unique contact structure (up to isotopy)Mnsatisfying the above conditions, since the
dividing sets on@ Hand@ Nagree on the subsurface along which we diuandN .

The existence of a unique tight contact structure on thelendyH with the assumed
boundary conditions was already shown by Torisu [12]. Wéuithe here a proof (see also
page 97 in [10]) which is different from Torisu's originalqmof.

curves on@ Hso that  bounds a compressing diek® = (d« [0; 1])= inH. Itisclear
that when we cuH alongD?'s (and smooth the corners) we ge3-#all B. Moreover
intersects the dividing set twice by our construction. Noe/put each into Legendrian
position (by the Legendrian realization principle [7]) amake the compressing di€k®
convex [4]. The dividing set od¢ will be an arc connecting two points @0 = .
Then we cut along these disks and round the edges (see [ 8} soapnnected dividing set
on the remainindd 3. Consequently, a theorem of Eliashberg [1] implies the uemgss of
a tight contact structure ad with the assumed boundary conditions.

The existence of such a tight contact structurddoassentially follows from the explicit
construction of Thurston and Winkelnkemper [13]. We jusbenhH into an open book
decomposition (in the usual sense) with p&jand trivial monodromy whose compatible
contact structure is Stein llable by [5] (and hence tight[&y). To be more precise, we
embedH into

Y= [ 20)=

where(x;0) (x; 2)forx 2 Sand(x;t) (x;t9)forx 2 @Sandt;t°2 [ 2;0]. Let ©

be the tight structure o¥ which is compatible with the above open book decomposition.
Then@H=S f 0g[ S f 1gwhichisobtained by gluing two pages along the binding
can be made convex with respect fso that the dividing set o@ His exactly the binding
(see [3] for example).
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By a similar argument we will prove the existence of a uniqgéttcontact structure on
N (each of whose components is a handlebody) with the assuowedibry conditions. By
the de nition of a partial open book decompositi¢8; P; h), P is a proper subsurface of

in P with endpoints orA so thatS n [ ja; deformation retracts ont6 nP: just take a
suitable cocorey of eachl-handleP; in P (see Figure 3 for an example). It follows that

Hi(P;A).)

Forl j r,let ;denote the closed curve @ Nwhich is obtained by gluing the arc
a;onP f Ogwiththe arca; onP f 1g. Then we observe thaj; is a closed curve o@ N
which bounds the compressing diBkK' = (a; [0;1])= in N. Thus we conclude that
we can nd pairwise disjoint compressing diskshh each of whose boundary intersects
the dividing set twice in such a way that when we cut alongdldisks we get a disjoint
union of B®'s with connected dividing sets after rounding the edgese Thiqueness of
a tight contact structure oN with the assumed boundary conditions again follows from
Eliashberg's theorem [1].

To prove the existence of such a tight contact structurl ame rst observe that@ P
f1=2gis the union ofA f 0Ogandthe arcg; f 1=2g,forl i n. Note that we can
trivially embedN intoH . Then we claim that the restriction kb of the above tight contact
structure orH will have a convex boundary with the required dividing satotder to prove
our claim we observe that the dividing setenf 1g[ P f 0g= @N @His the set
A f 0g=@N (@Sf 0g). The rest of@ Nconsists of the diskB; = (¢; [0; 1])=
Each one of these disks can be made convex so that the digding a single arc since
its boundary intersects the dividing set twice. It follovastt the dividing set oi®@ Nis as
required after rounding the edges.

Proposition 1.9 leads to the following de nition of comgaitity of a contact structure
and a partial open book decomposition.
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De nition 1.10. Let(M; I') be the balanced sutured manifold associated to a partiahope
book decompositiofS; P; h). A contact structure on (M; I') is said to be compatible
with (S; P; h) if it satis es conditiong(1); (2) and(3) stated in Proposition 1.9.

De nition 1.11. Two partial open book decompositiof; P; h) and(S; ;) are isomor-
phic if there is a diffeomorphisin: S! $suchthaf (P)=BandB=f h (f 1)j,.

Remark 1.12. It follows from Proposition 1.9 that every partial open bo@cdmposition
has a unique compatible contact structure, up to isotopythenbalanced suture mani-
fold associated to it, such that the dividing set of the ceriweundary is isotopic to the
suture. Moreover i{S; P; h) and (§;B;R) are isomorphic partial open book decomposi-

tions, then the associated compatible con&atanifolds(M; I'; ) and(M; F; © are also
isomorphic.

The de nition of a positive stabilization of a partial opendk decomposition in page 9
of [9] can be interpreted as follows.

De nition 1.13. Let(S; P; h) be a partial open book decomposition. A partial open book
decompositiorfS% P2 h9) is called a positive stabilization ¢5; P; h) if there is a properly
embedded ars in S such that

S%is obtained by attaching &-handle toS along@s

P%is de ned as the union d® and the attached-handle,

h®= R, h, where the extension bfto S°by identity is also denoted lyandR,

denotes the right-handed Dehn twist along the closed cumaich is the union of

s and the core of the attachddhandle.

The effect of positively stabilizing a partial open book dexposition on the associ-
ated sutured manifold and the compatible contact strucsueking a connected sum with
(S3; <) away from the boundary.

We now digress to review basic de nitions and properties eeflhard diagrams of
sutured manifolds (cf. [6]). A sutured Heegaard diagramiverg by (=; ; ), where
the Heegaard surface is a compact oriented surface with nonempty boundary ard

curves inZ n @. Every sutured Heegaard diagrd®; ; ), uniquely de nes a sutured
manifold (M; I') as follows: LetM be the3-manifold obtained fronx  [0; 1] by attach-

ing 3-dimensional2-handles along the curves f Ogand ; f 1gfori = 1;:::;
andj = 1;:::;n. The suturd on @Mis de ned by the set of curve§® f 1=2g (see
Remark 1.4).

In [6], Juhasz proved that ifM; I') is de ned by (Z; ; ), then(M; I') is balanced if
andonly ifj j =] j, the surfac& has no closed components and botland consist
of curves linearly independent iH,(Z; Q). Hence a sutured Heegaard diagrégm ; )
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is called balanced if it satis es the conditions listed aboWWe will abbreviate balanced
sutured Heegaard diagram as balanced diagram from now on.

A partial open book decomposition @¥1; IN) gives a sutured Heegaard diagrém ; )
of (M; TI') as follows: Let

>=P f O0g[] S f I1g= @H
be the Heegaard surface. Observe that, modulo identi nafio

@ =@m@3$ f 0g[ (@@h f 1g' T

in the Heegaard surfaceby j=4a; f Og[ &y f 1g= and ;j=1I f 0g[ h(l)
f 1g= ,wherely is an arc isotopic t@; by a small isotopy such that

the endpoints of; are isotoped alon@ Sin the direction given by the boundary
orientation ofS,

a; andly; intersect transversely in one poijtin the interior ofS,

if we orienta;, andby is given the induced orientation from the isotopy, then the
sign of the intersection af; andly atx; is +1.

(Z; ; )is a sutured Heegaard diagram(®; TI'). Here the suture is I" since@x is
isotopicto T.

Lemma 1.14. The balanced sutured manifold associated to a partial opmyklslecompo-
sition and the compatible contact structure are invariantiar positive stabilization.

Proof. Let (S; P; h) be a partial open book decomposition(d; I), s be a properly em-
bedded arc ir§, and(S% P%h9 be the corresponding positive stabilization(&f; P; h).
Consider the sutured Heegaard diag@m ; ) of (M; I') given by(S; P; h) using prop-
erly embedded disjoint areg; a,;:::;a, in P.

Let ag be the cocore of the 1-handle attache&tduring stabilization. The endpoints of
a are orA°= @M @ 3andS™[ j_,a; deformation retracts on®hP°= SnP. Using the
properly embedded disjoint areg; a;; ay; : : : ; a, in P°we get a sutured Heegaard diagram
(=% % 9of (M% 19, where(M %9 is the sutured manifold associated(& P2 h9).
Observethat °=f o[ , °=f og[ ,and

S0=pPOf og[] S°f 1g= =T2#3:

Sinceh®is a right-handed Dehn twist alongcomposed with the extension bfwhich
is identity onP°n P,  intersects ( at one point and is disjoint from every othey.
Therefore(Z% ¢ 9 is a stabilization of the Heegaard diagré® ; ), and consequently
(M %19 = (M; IN). The contact structuré compatible with(S% P h9 is contactomorphic
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to since Yis obtained from by taking a connected sum witls3; <4) away from the
boundary.

2. RELATIVE GIROUX CORRESPONDENCE

The following theorem is the key to obtaining a descriptidragartial open book de-
composition of(M; I'; ) in the sense of Honda, Kazez and Mati

Theorem 2.1([9], Theorem 1.1) Let (M; I') be a balanced sutured manifold and lebe
a contact structure oM with convex boundary whose dividing §gt, on @ Mis isotopic
toI". Then there exist a Legendrian gragh M whose endpoints lieonh @Mand a
regular neighborhoodN (K) M of K which satisfy the following:

(A) (i) T = @NK) n@Mis a convex surface with Legendrian boundary.

(ii) For each component; of @T ;\ s has two connected components.
(iii) There is a system of pairwise disjoint compressing si3K for N (K') so
that @0 is a curve o intersecting the dividing sétr of T at two points and
each component ™ (K) n[ ;D{" is a standard contac-ball, after rounding
the edges.

(B) (i) Each componertd of M nN (K) is a handlebody (with convex boundary).
(i) There is a system of pairwise disjoint compressing di3ggor H so that
each@L) intersects the dividing sé% of @ Hat two points andd n[ (D2 is
a standard contac3-ball, after rounding the edges.

A standard contac3-ball is a tight contac8-ball with a convex boundary whose dividing
set is connected.

Based on Theorem 2.1, Honda, Kazez and Mdgscribe a partial open book decom-
position on(M; I) in Section 2 of their article [9]. In this paper, for the saKesionplicity
and without loss of generality, we will assume tih\tis connected. As a consequence
M nN(K) in Theorem 2.1 is also connected.

We claim that their description gives a partial open bookodguosition(S; P; h), the
balanced sutured manifold associatedSoP; h) is isotopic to(M; "), and is compatible
with (S; P; h) — all in the sense that we de ned in this paper. In the rest efslction we
prove these claims and Lemma 2.3 to obtain a proof of Theorém 0

The tubular portionT of @NK) in Theorem 2.1(A)(i) is split by its dividing set into
positive and negative regions, with respect to the orieradf @M nN (K)). LetP be the
positive region. Note that the negative regibm P is diffeomorphic toP. Since(M; I')
is assumed to be a (balanced) sutured manif@djis divided intoR..(I") andR (I") by
the suturd™. LetRy = R (M) n[iDj, whereDj's are the components @NK )\ @M
and letS be the surface which is obtained frdRa. by attaching the positive regidd. If
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we denote the dividing set@f by A = @P\ @ $then it is easy to see that
N(K)=(P [0;1])=

where(x;t)  (x;t9 for x 2 A andt;t°2 [0; 1], such that the dividing set @®NK ) is
given by@P f 1=2g.
In [9], Honda, Kazez and Matiobserved that

MnNEK)=(S [ L0)=

where(x;t)  (x;t9)forx 2 @Sandt;t°2 [ 1;0], such that the dividing setdd nN (K )
is given by@Sf 0g.

Moreover the embedding: P ! S which is obtained by rst pushing® acrosN (K)
toTnP @M nN(K)), and then following it with the identi cation oM nN (K ) with
(S [ 1;0))= s called the monodromy map in the Honda-Kazez-®dgscription of
a partial open book decomposition.

In conclusion, we see that the trig(8; P; h) satis es the conditions in De nition 1.1:

(1) The compact oriented surfaBeis connected since we assumed tklats connected
and itis clear tha@ S5 ; .

(2) The surfaceP is a proper subsurface & such thatS is obtained fromS nP by
successively attachirizhandles by construction.

(3) The monodromy mapp : P ! Sis an embedding such thatxes A = @P\ @S
pointwise.

Next we observe thall (K) (resp. M nN(K)) corresponds tdN (resp. H) in our
construction of the balanced sutured manifold associatead gartial open book decom-
position proceeding De nition 1.1. The monodromy mhammounts to describing how
N = N(K)andH = M nN(K) are glued together along the appropriate subsurface of
their boundaries. This proves that the balanced suturedfoidhassociated tqS; P; h) is
diffeomorphic to(M; IN).

Lemma 2.2. The contact structure in Theorem 2.1 is compatible with the partial open
book decompositio(sS; P; h) described above.

Proof. We have to show that the contact structuia Theorem 2.1 satis es the conditions
(1); (2) and(3) stated in Theorem 1.9 with respect to the partial open bookrdeosition
(S; P; h) described above. We already observed that N(K) andH = M nN(K).
Then

(1) The restrictions of the contact structurentoN (K ) andM nN (K)) are tight by
conditions (A)(iii) and (B)(ii) of Theorem 2.1, respectiyelThis is because in either case
one obtains a standard contaeball or a disjoint union of standard contagtalls by
cutting the manifold along a collection of compressing diskch of whose boundary geo-
metrically intersects the dividing set exactly twice.
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(2) @H= @M nN(K)) = (@Mn[;D;)[ T is convex by the convexity a@ Mand the
convexity of T (condition (A)(i) in Theorem 2.1). Its dividing set is theian of those of
@Mn [ iD;j andT, hence itisisotopict¢@Sh@hH f Og[ A f 0g=@Sf Og.

(B) @N= @NK) = [iDi[ T is convex by the convexity oD; @Mand the
convexity of T. Its dividing set is the union of those &f;'s and T, hence it is isotopic to
(@Ph@% f 1=2g[ A f 0Og=@P f 1=2g.

The following lemma is the only remaining ingredient in thre@f of Theorem 0.1.

Lemma 2.3. Let (S; P; h) be a partial open book decompositiaip; ') be the balanced
sutured manifold associated to it, ande a compatible contact structure. Th€s P; h)
is given by the Honda-Kazez-Matiescription.

Proof. Consider the grapK in P that is obtained by gluing the core of eatimandle in
P (see Figure 4 for example).

BB

FIGURE4. Legendrian grapK in P

It is clear thatP retracts ontdK. We will denoteK f 1=2g P f 1=2g also by
K. We can rst makeP f 1=2g convex and then Legendrian realigewith respect to
the compatible contact structureon N M. This is because each component of the
complement oK in P contains a boundary component (see Remark 4.30 in [3]). Hence
K is a Legendrian graph i(M; ) with endpoints in@P f 1=2gn@Sf 0g I @M
suchthaN =P [0;1]= is aneighborhoot\ (K) of K in M. Then all the conditions
except (A)(i) in Theorem 2.1 oN(K) = N andM nN(K) = H are satis ed because
of the way we constructed in Proposition 1.9. Sinc& Nis convexT is also convex.

It remains to check that the boundary of the tubular porfioof N is Legendrian. Note
that each component of this bounda® = @c; [0;1]) @Nis identi ed with ; =
¢ f Og[ h(c) f 1lgintheconvexsurfac@H=S f 0g[ S f 1g. Since each;
intersects the dividing s€yy = S f 0g of @ Hransversely at two poin®cf 0g, the set

Principle to make each; Legendrian.
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Proof of Theorem 0.1By Proposition 1.9 each partial open book decompositionnspad-
ible with a unique compact contagimanifold with convex boundary up to contact isotopy.
This gives a map from the set of all partial open book decotitipas to the set of all com-
pact contacB8-manifolds with convex boundary and by Remark 1.12 this magreleds
to a map from the set of isomorphism classes of all partiahdpmok decompositions to
the set of isomorphism classes of all compact coriaotanifolds with convex boundary.
Moreover by Lemma 1.14 this gives a well-de ned nirom the isomorphism classes of
all partial open book decompositions modulo positive sitediion to that of isomorphism
classes of compact conteé8tmanifolds with convex boundary. On the other hand, Honda-
Kazez-Mat€ description gives a well-de ned map in the reverse direction by Theorems
1.1 and 1.2 in [9]. Furthermor&) @ is identity by Lemma 2.2 an®® W is identity by
Lemma 2.3. 2
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