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Globally Convergent Deflationary Instantaneous
Blind Source Separation Algorithm for

Digital Communication Signals
Alper Tunga Erdogan

Abstract—Recently an instantaneous blind source separation
(BSS) approach that exploits the bounded magnitude structure
of digital communications signals has been introduced. In this
paper, we introduce a deflationary adaptive algorithm based on
this criterion and provide its convergence analysis. We show that
the resulting algorithm is convergent to one of the globally optimal
points that correspond to perfect separation. The simulation ex-
amples related to the separation of digital communication signals
are provided to illustrate the convergence and the performance of
the algorithm.

Index Terms—Adaptive filtering, blind source separation
(BSS), independent component analysis, multiple-in multiple-out
(MIMO) blind equalization, subgradient.

I. INTRODUCTION

THE separation of sources from their mixtures is a problem
of interest particularly in the area of communications. The

existing methods to solve this problem exploit different pieces
of available information that can be utilized to achieve sepa-
ration. The use of the presumed non-gaussianity and the inde-
pendence of sources is a popular and general approach that is
applicable to a wide range of problems [2]–[9]. The algorithms
in the BSS field were rooted form the pioneering works in blind
deconvolution/equalization area such as [10]–[12].

The most widely used approach is the maximization of high
order cumulants of the separator outputs (such as kurtosis) while
keeping the power constant (which originated from [11]). This
would be equivalent to the maximization of the high order norms
of the linear mapping vectors between the sources and the sep-
arator outputs while keeping their 2-norms constant. The max-
imum value for the high order norm is achieved when it is equal
to the 2-norm, i.e., when the mapping is a delta function, which
corresponds to the perfect separation condition.

When the sources are bounded magnitude as in the case of
digital communication signals, we can exploit this information,
in addition to the independence of sources. The first BSS ap-
proach based on the boundedness of the input sources is due to
Pham [13]. In his work, Pham reformulated the mutual informa-
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tion cost function in terms of quantile functions which enables
the approximation of the cost function using order statistics. In
the bounded magnitude case, this approximate cost function can
be simplified to the (logarithm of) the difference between max-
imum and the minimum values of the separator output. In [13],
an adaptive algorithm for simultaneous recovery of sources cor-
responding to the proposed cost function is also provided.

In [14], Vrins et al. proposed the minimization of the ef-
fective support length by for the simultaneous separation of
bounded magnitude sources. Around the same time frame, in [1]
and, [15], the minimization of the infinity norm of the separator
output is proposed where it’s proven that all the global minima
for the cost function are the desired separators. In the same refer-
ence an adaptive algorithm based on subgradient optimization
is proposed and through digital communication examples it is
illustrated that the proposed method can achieve high signal to
distortion ratio (SDR) levels for relatively short window sizes.
The proposed minimization of the infinity norm of the output
is essentially equivalent to minimization of the 1-norms of the
overall linear mapping vectors between the sources and the sep-
arator outputs, under constant 2-norm constraint. Similar to cu-
mulant based approach the minimum for the 1-norm is achieved
for the delta vector. This observation provides the connection
between the cumulant based approach widely used in literature
and the approach proposed in [1] and [15]. The infinity norm
minimization method proposed for bounded magnitude signals
can be considered as a complementary approach to cumulant
maximization based algorithms.

We should note that the minimization of the infinity norm of
the output proposed in [15] is essentially equivalent to mini-
mization of the support length (proposed in [13], [14]) for the
case where the source distribution’s minimum and maximum
values are symmetrically located with respect to the origin.

The adaptive algorithm proposed in [1] is a two step proce-
dure where the mixture data is whitened in the first step, and in
the next step unitary separator is updated based on a subgradient
search. The unitary constraint on the separator is imposed by
projecting the subgradient updated matrix to the nearest unitary
matrix (in Frobenius norm sense). Although this (symmetrically
orthogonalized) adaptive algorithm is successful in achieving
the simultaneous separation of multiple sources, its convergence
analysis is not trivial due to the complication caused by the min-
imum distance (also referred as the symmetric) projection to
unitary matrices.

In this paper, we propose the use of the deflation procedure for
the imposition of the unitary constraints. The use of the defla-
tion method enables relatively easier global convergence anal-
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ysis for the overall adaptive separation algorithm. In particular,
we can show that the proposed adaptive algorithm always con-
verges to one of the globally optimal points, where each op-
timal point corresponds to a perfect separation condition. Only
assumptions used in this convergence analysis are the richness
of the available data window in terms of reflecting the ensemble
behavior for the separator output and also a generic condition
on the structure of the initial mapping between sources and the
separator outputs.

The global convergence of the proposed algorithm is a de-
sirable feature from the reliability point of view. Due to this
property, achieving perfect separation via use of the algorithm
is guaranteed. The issue of reliability is a current research focus
in the BSS field and the convergence behaviors of the existing
adaptive algorithms are under investigation [16]–[18]. For ex-
ample, recently, the existence of false minima for information
theoretic BSS approaches in the case of multimodal distribu-
tions is shown [16].

The organization of the paper is as follows: Section II pro-
vides the notation and the assumed setup for the blind source
separation problem for bounded magnitude sources. The defla-
tionary adaptive algorithm is provided in Section III. The con-
vergence analysis of this algorithm is provided in Section IV.
In Section V, we provide a numerical simulation example to il-
lustrate the convergence behavior of the deflationary algorithm.
Finally, Section VI is the conclusion.

II. BLIND SOURCE SEPARATION APPROACH FOR BOUNDED

MAGNITUDE SOURCES

In the blind source separation setup that we consider
throughout the paper:

• are the source signals. It is as-
sumed that they are unity variance (without loss of
generalization) stationary signals with zero mean, and
they are mutually independent of each other. It is not
required that each is an i.i.d. sequence. We assume that
each has sufficiently rich variations such that
— autocorrelation matrix estimate obtained by time aver-

aging reflects the true correlation matrix;
— the maximum value of the separator’s output in time

reflects the ensemble maximum.
Furthermore, the source signals are considered to be
bounded and complex symmetric in the sense that

(1)

over the ensemble of and is the minimum upper-
bound on the magnitude of real (and imaginary) parts of the
sources. We assume the existence of corner points

in the closure of the domains of the source distribu-
tions. The complex sources that satisfy these conditions are
quite typical in digital communications applications (e.g.,
QAM constellations).

• The source signals are mixed with the memoryless mul-
tiple-in multiple-out (MIMO) system with transfer matrix

. is a matrix which implies that this mixing

system has outputs denoted by ,
i.e., at any instant , we can write

...
...

(2)

We assume that , i.e., the number of mixtures is
greater than or equal to the number of sources.

• The purpose of blind source separation is to esti-
mate the source signals (independent components)

from the observation sequences
using a linear system with transfer

matrix , i.e.

(3)

where con-
tains the estimates of the original sources. is ob-
tained adaptively from the time samples (realizations) of

. No a priori knowledge of and
no training sequences are assumed.

We assume that is decomposed into two operators

(4)

where is a whitening matrix such that

...
(5)

is a white vector, i.e.

(6)

It is assumed that the whitening matrix is obtained adap-
tively possibly through the factorization of the empirical covari-
ance matrix of .

As a result, we can write

(7)

(8)

(9)

Here

(10)

is the combined mixing and whitening transfer functions, and
therefore, we can write

(11)
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Note that is a white vector with identity covariance and
is a unitary matrix. Although the elements of are uncorre-
lated, they are not necessarily independent. Therefore, our goal
is to obtain a unitary matrix as some column permuted ver-
sion of multiplied by a diagonal matrix with unity magnitude
complex entries such that

(12)

(13)

(14)

where is a permutation matrix and is a diagonal matrix
with unit-magnitude complex entries, both of which reflect the
unavoidable ambiguities in blind source separation [8].

In the BSS approach for bounded magnitude sources in [1],
the following optimization problem is proposed to obtain

which is the minimization of the supremum of the infinity norm
of the real part of the output vector over the ensemble.
The following theorem [1] shows that the global minimizers of
the above optimization setting are the desired solutions for the
source separation problem.

Theorem 1: Given the setup above and let be
defined as the overall mapping between and , then is
a global minimizer of the Problem 1 if and only if the corre-
sponding has the form

(15)

where is a permutation matrix and is a diagonal matrix of
the form

...
...

. . .
...

(16)

where are integers.

III. DEFLATIONARY ADAPTIVE ALGORITHM

In the previous section, we introduced the optimization
problem (Problem 1) whose global minimizers are the desired
separators. In this section we provide a deflationary adaptive
algorithm which is based on this criterion. The deflationary
approach is essentially the sequential recovery of the sources,
and in [19] and [4] it was used for kurtosis based cost function.
In this paper, we use the deflationary approach for the infinity
norm based cost function proposed for magnitude bounded
sources.

In the adaptive implementation, we assume that we have a
finite window of whitened mixture samples, i.e.,

. Here we make a certain ergodicity assump-
tion that these time samples are rich enough to reflect the en-
semble behavior in terms of generating the maximum magni-
tude sample for any choice of separator.

For the deflationary approach, as we consider sequential re-
covery of each source, the algorithm consists of consecutive
phases where at the th phase , which is the th column of ,
is obtained through subgradient iterations:

For the first phase, we consider the optimization problem

where

(17)

The subdifferential set corresponding to this cost function is
given by

(18)

Here stands for convex hull operation. In the subgradient
optimization approach, the search vector is updated using any
vector chosen from the subgradient set, where we pick one of the
vectors given in (18) (whose convex hull is the subdifferential
set). Therefore, we can write the algorithm iterations to obtain

as

(19)

(20)

where
• is the index for which maximum magnitude real output

is achieved at the th iteration;
• is the step-size.

The choice of step size is based on the relaxation rule pro-
posed in the framework of the subgradient optimization
[20]–[24]. As we will show later, the selection of step size
in this form plays a crucial role in the global convergence
analysis.

Once is obtained through the subgradient iterations
above, we form the projection matrix ,
which projects a given vector to the space orthogonal to .

We can write the th phase of the deflation algorithm as
follows.

• Initialize the vector using

which is the first column of the matrix, and this
choice guarantees that is orthogonal to previous ’s
for .
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• Iteratively obtain , which minimizes the cost function

(21)

using subgradient iterations

(22)

(23)

where

(24)

is the index for maximum real magnitude and

(25)

Note that multiplication with constrains to the
space orthogonal to .

• Update the orthogonal projection matrix

(26)

The algorithm presented above is repeated for to
. After the th phase, can be simply chosen as

equivalent to a column of the matrix.
We should note that the deflationary approach has inherent

error accumulation problem in practical applications. Since we
proceed from one phase from to the other without complete con-
vergence due to finite number of iterations, existence of noise
and nonlinear factors, the assumption about elimination of pre-
vious sources will fail, and this will create extra noise effect for
the following stage, which will accumulate throughout the mul-
tiple stages of the algorithm. Despite this undesired feature, the
deflation approach we outlined above leads to framework where
we can obtain global convergence under “ideal” conditions.

IV. CONVERGENCE ANALYSIS OF THE DEFLATIONARY

ADAPTIVE ALGORITHM

In this section, we analyze the convergence behavior of the
adaptive algorithm we introduced in the previous section. In
particular, we show that the algorithm converges to one of the
global minima corresponding to perfect separation.

We first start by writing the update equation for the th phase

(27)

(28)

where

(29)

We should note that is equivalent to except of its
columns are equal to zero

(30)

(31)

Here, as we will prove

(32)

where and is an integer. Therefore, plugging
this expression for in (31), we can obtain that is equal
to with the columns having indexes
equal to zero.

We define the effective channel between the sources and the
separator ’s output as

(33)

Note that is a vector and its components at index
locations are zero. If we define

(34)

then the real component of the output can be written as

(35)

(36)

Multiplying both sides of (28) (from the left) with (and
taking transpose of both sides), we obtain a recursion for

(37)

where is equivalent to a modified form of identity matrix
where the diagonal entries with indexes
are equal to zero. This update equation is equivalent to

(38)

where

(39)

Based on (36), we deduce that at index where the max-
imum magnitude is achieved

(40)

where in the above equation would be the sign of
of a vector is the of its el-
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ements and . Note that the components of
corresponding to the zero components of at index locations

could actually be arbitrarily as they have
no effect on the output, and they have no effect on the update
since they are to be converted to zero after multiplication with

. Using (40), we can write

(41)

(42)

Based on this equation we observe that, for the th component
of , where , we can write

(43)

Here

(44)

(45)

(46)

(47)

(48)

(49)

(50)

where is the vector obtained by deleting the maximum mag-
nitude element of . In the manipulations above, the numer-
ator of (45) follows from (36) and (40) and from the fact that

(51)

The denominator of (46) can be justified as

(52)

(53)

and since has nonzero diagonal entries and
consists of entries [due to (40)]

(54)

easily follows.

Inequality in (48) is due to norm ordering
, the equality in (49) follows directly from the definition

of and the inequality in (50) is due to inequality between
1 and norms.

Note that is nothing but the second peak value of the
vector . Since is bounded by the halve of the second
peak value, i.e., , after the update in (43), which
subtracts the same constant from all of the freely changing com-
ponents, the peak location and the second peak value location
will not change, and the reduction level for both will be the
same. However, when we look at their ratios, we obtain

(55)

for . Note that since

(56)

we can write

(57)

We now show that given

(58)

which is the generic and stable case, grows
unboundedly, and therefore, converges to a delta function:

Defining

(59)

we write

(60)

(61)

where

(62)

(63)
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(64)

Here, the inequality (64) is due to the fact that [from (50)]

(65)

Letting denote the vector obtained by removing
peak and the second peak from , we can write

(66)

(67)

(68)

(69)

where the inequality (67) is due to the triangle inequality, and
the inequality in (69) is due to the inequality between 1 and 2
norms.

Therefore

(70)

(71)

from which we can write

(72)

since is an increasing function of for .
Note that, for is an increasing function since

its derivative, see (73) at the bottom of the page, is positive for
.

Moreover, for . Therefore

(74)

Consequently

(75)

and, therefore

(76)

Since we are normalizing the norm of the to 1, this implies
that the second peak value of the and all its remaining com-
ponents converge to zero which means that converges to

(77)

where is a standard basis vector, i.e., the th column of
the identity matrix, and is equal to either 1 or .
As a result, converges to a vector with only one nonzero
entry whose value is from the set . Consequently,

converges to , where is an integer. Further-
more, by construction, ’s form an orthonormal set.

Note that the condition in (IV) means that has a single
peak. This is generically true as assuming a random channel
and a random initialization for having a resulting has
zero probability. Even if the assumption in () is not met, having
more than one multiple peak points (with equivalent levels) is
not a stable condition and a slight disturbance in would also
disturb the peak balance condition and the algorithm would con-
verge to one of its global points afterwards.

Note that the algorithm that we provided above assumed
no noise. In [25] it is shown that the stochastic version of the
bounded magnitude cost function can be defined as

(78)

and it can be shown that the perfect separation solutions are
the stationary points of this cost function. This fact is useful
in terms of evaluating the behavior of the proposed approach in
noisy environments. In the next section, we also provided some
examples incorporating the effects of background noise.

(73)



2188 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 5, MAY 2007

Fig. 1. as a function of iterations for different separator outputs.

V. SIMULATION EXAMPLES

In this section, we first provide a simulation example to illus-
trate the convergence of the proposed deflationary source sepa-
ration algorithm. For the simulation setup, we consider five

Fig. 2. SDR Convergence curves for the example.

sources. Sources are assumed to be 64-QAM digital communi-
cations signals. We randomly generate a unitary channel for the
effective channel . We used a sample size of .
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Fig. 3. Output constellations for the sources after convergence.

We record the signal to distortion ratio (SDR) for each output
component, where SDR is defined as

(79)

as a function of iterations.

Fig. 4. Output SDR versus Window Length of Observations for the case with
64-QAM sources and 40 dB input SNR.

The ratios of peak level to the second peak level, , for the
effective mapping as a function iterations for different outputs
are shown in Fig. 1. As expected parameters grow without
bound. We should note that theoretical monotonic increase may
sometimes be violated when we use a finite data window and
use finite number of iterations in each phase of the algorithm.
The use of finite window potentially causes the violation of the
ergodicity assumption about the capture of the ensemble peak
within the given data window. The use of finite iterations results
in partial convergence for the separator and since the projection
matrices and therefore the following phases are dependent on
the resulting separator this can cause a deviation from the ex-
pected convergence behavior for .

In Fig. 2, the SDR convergence curves corresponding to
all four phases of the algorithm are shown. These curves con-
firm the successful convergence behavior of the deflationary
algorithm.

In Fig. 3, the output constellations after the convergence are
shown. Note that the fifth separator is simply chosen based on

therefore the corresponding phase ambiguity is not an in-
teger multiple of and this phase ambiguity can be reduced
if desired.

In order to illustrate the relative performance of the defla-
tionary bounded magnitude BSS (BMBSS) in comparison to
its symmetric orthogonalization based counterpart and FastICA
and super exponential algorithms (with symmetric orthogo-
nalization), we assumed a simulation setup with ten sources,
random 10 10 unitary mapping whose output is corrupted by
white Gaussian noise. In the first setting corresponding to this
setup, we assumed sources are 64-QAM signals and SNR level
of mixtures is 40 dB (i.e., relatively high SNR). The output
SDRs (signal to distortion ratio in this case incorporates noise
power at the denominator) are averaged over different random
unitary channels, noise and signal paths.

In Fig. 4, the plot of the SDRs as a function of sample size
used by the algorithms are shown (for one of the sources). It
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Fig. 5. The output constellations for the case with 64-QAM input sources and
40 dB input SNR.

can be seen from this plot that for this high SNR case, the
proposed algorithm achieves higher SDR levels for shorter
window lengths. This property of the algorithm is potentially

Fig. 6. Output SDR versus window length of observations for the case with
16-QAM input sources and 20 dB input SNR.

useful for the communication links used for transmitting data
(with low BER requirements and relatively high SNR) where
the link is a time varying channel (for which convergence in a
short burst(packet) is very valuable). Another observation we
can make is that the error accumulation effects of the deflation
procedure is negligible in this case as the Source 1 and Source
9 has similar performance. Furthermore, the performance of the
deflation approach is close to the symmetrically orthogonoal-
ized BMBSS algorithm.

In Fig. 5, the sample output constellations obtained for a
window length of 10000 are shown. Since BMBSS approach
has integer multiples of as the phase ambiguity, the cor-
responding output constellation looks like the original source
constellation.

For the next setting for the same setup, we consider 16-QAM
sources and an input SNR level of 20 dB. In Fig. 6, the plot of
the SDRs as a function of sample size used by the algorithms are
shown (for one of the sources). For the low input SNR case, per-
formance of BMBSS algorithm (for the first source) is slightly
worse than the super exponential and FastICA algorithms. How-
ever, we see the effect of error accumulation in this case more
clearly, as the Source 9 has about 2.5 dB performance degrada-
tion in comparison to Source 1. This degradation level can be
reduced if we use more number of iterations at each phase of
the deflationary algorithm. We should note that for the symmet-
rically orthogonalized BMBSS algorithm all outputs have SDR
values around 19 dB.

In Fig. 7, the sample output constellations obtained for a
window length of 10000 are shown.

VI. CONCLUSION

In this paper, we introduced a deflationary source separation
algorithm that exploits the magnitude boundedness of the digital
communication signals. Based on the following assumptions.

• The available window is sufficiently rich such that sample
peak reflects the ensemble supremum;
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Fig. 7. The output constellations for the case with 16-QAM input sources and
20 dB input SNR.

• The initial choice of separator satisfies the generic condi-
tion that the initial overall mapping has a single peak.

we proved the global convergence of the algorithm to one of
the global minima, where each minimum point corresponds to
perfect separation of sources and a phase ambiguity that is an
integer multiple of .

The assumption about the richness of the window is gener-
ally satisfied for relatively short sample sizes especially for fi-
nite alphabet digital communications signals as illustrated by
the simulation examples. However, if the algorithm is applied
to sources with a tailing distribution the assumption about the
availability of the corner points in the given data window may
not hold and which results in the violation of the equivalence of
the output of infinity norm minimization to minimization of the
1-norm of the combined channel.

The assumption about the single-peak initial condition holds
with probability one. Even if this assumption is violated, having
multiple peak points is not a stable condition. A slight distur-
bance on the initial separator vector will move it to another ini-
tial point (with a single peak) starting with which the algorithm
will converge to a global minimum point.
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