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Fast and Low Complexity Blind Equalization via
Subgradient Projections

Alper Tunga Erdogan and Can Kizilkale

Abstract—We propose a novel blind equalization method based
on subgradient search over a convex cost surface. This is an
alternative to the existing iterative blind equalization approaches
such as the Constant Modulus Algorithm (CMA), which often
suffer from the convergence problems caused by their nonconvex
cost functions. The proposed method is an iterative algorithm
called SubGradient based Blind Algorithm (SGBA) for both real
and complex constellations, with a very simple update rule. It
is based on the minimization of the norm of the equalizer
output under a linear constraint on the equalizer coefficients using
subgradient iterations. The algorithm has a nice convergence
behavior attributed to the convex cost surface as well as the
step size selection rules associated with the subgradient search.
We illustrate the performance of the algorithm using examples
with both complex and real constellations, where we show that the
proposed algorithm’s convergence is less sensitive to initial point
selection, and a fast convergence behavior can be achieved with a
judicious selection of step sizes. Furthermore, the amount of data
required for the training of the equalizer is significantly lower
than most of the existing schemes.

Index Terms—Blind equalization, convex optimization, sub-
gradient.

I. INTRODUCTION

B LIND equalization has been a research focus for several
decades. The goal has been the development of effective

and low-complexity algorithms that avoid the unnecessary
consumption of useful bandwidth by the use of training data.
Several approaches have been proposed to achieve this goal.
Among them, we can list (Explicit) High-Order Statistics
(HOS) Methods (e.g., [1]–[3]), Constant Modulus Type Al-
gorithms (e.g., [4], [5]), Subspace Methods for Multibranch
Channels (e.g., [6], [7]), Decision-Directed and Finite Alphabet
Methods (e.g., [8]–[11]), and Maximum Likelihood Methods
(e.g., [12]).

For the evaluation and the comparison of these blind methods,
various properties of the algorithms are to be taken into consid-
eration. From the practical implementation point of view, the
complexity of an algorithm is an important issue. The Constant
Modulus Algorithm (CMA) stands out as probably the most
practical blind algorithm due to its iterative structure with a
simple update rule, which is why it has been the blind equal-
ization algorithm of choice in several real-life applications.
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Another property of interest is the convergence behavior. It is
desirable that the algorithms converge to an “equalizing point”
in a small number of iterations so that the training and tracking
can be done in a short time interval by “consuming” minimum
amount of computational resources and data. Due to the unde-
sired local minima and saddle points of its cost function, the
CMA suffers from ill-convergence (convergence to undesirable
equilibrium points for arbitrary length sample-spaced finite im-
pulse response (FIR) equalizers [13]) or slow convergence prob-
lems (due to capture by saddle points [5], [14]). Various al-
gorithms targeting better convergence behavior have been put
forward in the past. Among these, the super-exponential algo-
rithm by Shalvi–Weinstein [15] has a fast convergence behavior.
In fact, it is shown in [16] that it can be interpreted as a gradient
search algorithm with an optimal step size rule, which maxi-
mizes the speed of convergence.

We can list some additional algorithm properties to be consid-
ered such as the robustness against the variations in the under-
lying model assumed by the blind equalization method (an im-
portant issue for Subspace Methods) and the ability to equalize
single branch sample-spaced channels (i.e., the implicit or ex-
plicit use of higher order statistics).

The convergence issue is closely related to the surface
structures of the cost functions used by the blind algorithms
[5], [13], [14], [17]. The existence of saddle points and local
minima in cost functions may cause slow and ill-convergence.
Therefore, better behavior can be obtained by the use of convex
cost functions as they have only global minima and no saddle
points. Reference [18] investigates convex cost functions for
blind equalization and proposes minimizing the norm of
the equalizer output under a linear constraint on the equalizer
coefficient vector as the convex blind equalization approach.
The choice of the cost function solves the slow and ill-con-
vergence issues related to local minima and saddle points.
However, as the cost function is nondifferentiable, a simple
gradient descent approach like the one used in CMA cannot be
used. Reference [18] proposes converting the cost function
to a differentiable one by approximating it using an norm
cost function with a large value. Better performance can be
attained by direct norm minimization. However, the ex-
isting norm minimization methods that are based on Linear
Programming (LP) [19], [20] are computationally demanding.

The focus of this paper is the development of low-complexity
algorithms that minimize the cost function. Our approach is
based on subgradient methods for nondifferentiable cost func-
tions: Although the cost function is nondifferentiable, the
subgradient approach can provide us with iterative algorithms
with simple update rules. In addition, we can benefit from the
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step-size selection rules, which have long been investigated in
the area of subgradient optimization of convex functions to de-
velop algorithms with fast convergence. We show that the use of
subgradient methods with proper step-size selection rules leads
to iterative low-complexity blind algorithms with desirable con-
vergence behaviors.

The organization of the article is as follows: Section II pro-
vides basic mathematical preliminaries and the notation used
in the paper. The blind equalization setup used throughout the
paper is also provided in this section. Section III provides back-
ground on blind equalization based on the norm minimiza-
tion, and Section IV outlines some of the methods for subgra-
dient optimization. Section V is the major part of the paper,
where the application of subgradient methods to the blind equal-
ization problem and the corresponding algorithms are provided.
In this section, we first derive the Subgradient based Blind Algo-
rithm (SGBA) and then discuss the step-size selection rules for
SGBA. We also provide a variation of SGBA for complex chan-
nels. In addition, a Newton-like weighted version of SGBA is
also provided with a proof of convergence. The complexity of
the proposed SGBA algorithm is also discussed in Section V. In
Section VI, we provide examples to illustrate the performance
of the proposed algorithms. Finally, Section VII contains the
conclusion.

II. PRELIMINARIES AND NOTATION

A. Subgradients

Let be a convex and possibly nondifferentiable function
with domain . We assume that is a convex set, and is
the operator that corresponds to the projection to the set . The
subdifferential of at point is defined as the set [21], [22]

(1)

where is the inner product. A vector , which is a member
of , is called a subgradient of at . Based on the def-
inition provided in (1), a subgradient can be used to construct an
affine function that provides a global lower bound to the convex
function . This fact is illustrated in Fig. 1, where two affine
functions that are tangent to the function at a point , where

is not differentiable, are shown. It is clear from this figure
that both affine functions and their convex combinations pro-
vide global lower bounds for the function . When the function

is differentiable at point , then , where
is the gradient of function at point , i.e., if a func-

tion is differentiable at a point, its subgradient is unique and
equivalent to the gradient at that point. As shown in Section IV,
subgradient-based iterative algorithms can be developed to min-
imize convex and possibly nondifferentiable functions.

B. Norms

We use various norm definitions in this paper. For a finite size
vector , we define the p-norm as

(2)

Fig. 1. Supporting hyperplanes and the subgradient.

The extension of the p-norm definition to the vector space of
discrete time sequences is achieved by changing the index set

to the set of integers .
We define the -weighted norm as

(3)

where is a positive definite matrix.
A special property of the norm functions (in particular the

norm) that we frequently quote in the paper is their convexity.
More specifically, a function , which is a
composite function of a norm function and an affine function,
is convex. We can show the convexity of this type of function
through use of the triangle inequality and scaling properties of
the norms: For a given

Therefore, the cost functions of this form have only global
minima and no saddle points, which make them attractive for
adaptive signal processing applications.

C. Blind Equalization Setup

Throughout this paper, we assume the symbol-spaced equal-
ization setup shown in Fig. 2. Here, we have the following.

• is the information
sequence sent by the transmitter.

• is the impulse response of the
symbol-spaced channel, which is the combination of the
linear distortion caused by the communication medium
and the pulse-shaping filter.

• is the input sequence to the equalizer.
• is the set of equalizer coeffi-

cients, and is the equalizer
coefficient vector.

• is the equalizer output.
The goal of equalization is to make the equalizer output

as close as possible to a delayed version of the input . No
a priori knowledge of the channel is assumed. Furthermore, no
training sequence is available for adapting the equalizer to the
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Fig. 2. Equalization setup.

unknown channel. As a result, the blind equalization algorithm
can only use the input signal to train the equalizer.

In order to evaluate the performance of the blind equaliza-
tion algorithms, we use the following measures defined over the
combined channel

• Open eye measure (Normalized peak distortion):

(4)

• ISI (Normalized intersymbol interference energy):

ISI (5)

where . Both measures are non-negative and attain
zero value only under the perfect equalization condition.

III. NORM AS THE CONVEX COST FUNCTION

FOR BLIND EQUALIZATION

Due to the undesired local optima and saddle point structure
of their cost functions, the CMA and some other blind equaliza-
tion algorithms suffer from slow and ill convergence problems.
This fact led to the search for the cost functions with better ge-
ometrical structure. Reference [18] investigates the properties
of convex functions as the candidates for the cost functions for
blind equalization. In the same reference, minimizing the
norm of the output of the equalizer, under a linear constraint on
equalizer coefficients, is proposed as a blind equalization ap-
proach. Considering the equalization setup in Fig. 2, under the
assumptions that

1) the input constellation has the maximum magnitude sym-
metry around zero such that and

;
2) is sufficiently rich in terms of variations in time;

it can be shown that [18]

(6)

where is the impulse response of the combined
channel and equalizer. Therefore, minimizing the norm of
the output is equivalent to minimizing the norm of the overall
impulse response. A linear constraint of the form

(7)

is needed to avoid the all zeros solution .
The equivalence between the minimization of the norm of

and the equalization of the channel is given by the
following proposition, which is proven in [18].

Proposition: Given the impulse response and
the impulse response of its ideal convolutional inverse

such that

(8)

where is assumed to have a single maximum point located
at , then the solution to the problem

minimize Problem 1

s.t.

is given by

(9)

As a result, under the previous assumptions made about ,
the equalizer coefficients obtained by solving the
convex optimization problem

minimize Problem 2)

s.t.

for some will be the scaled and time-shifted inverse of
such that

(10)

for some magnitude and delay [18]. Hence, the selection
of the fixed tap location is strictly related to the optimal delay
selection problem. Given no a priori knowledge about the
channel, it is reasonable to fix the middle tap as constant.

Note that the solution of Problem 2 is equivalent to the solu-
tion of Problem 1, which is the minimization of a convex cost
function of , the combined equalizer, and channel impulse
response, under a linear constraint on . Similarly, CMA [4]
and Shalvi–Weinstein [15], [23] algorithms have been shown to
be equivalent to the minimization of a nonconvex cost function
of under a constant 2-norm constraint on [17], [24].
Furthermore, [16] shows that the superexponential [15] algo-
rithm can be interpreted as a gradient search algorithm for this
constrained nonconvex optimization problem with optimally se-
lected step size. In this paper, we develop a gradient-search-like
algorithm that targets to achieve the solution of the constrained
convex optimization problem defined in Problem 1.

Placing the FIR constraint on the equalizer coefficients will
still preserve the convex nature of the problem. However, there
will be a performance degradation due to this constraint.

What remains is to develop preferably low-complexity algo-
rithms to solve this convex optimization problem. Since the
norm is not differentiable, we cannot develop gradient descent
algorithms similar to CMA for the cost function of Problem 2.
Reference [18] proposes the minimization of the norm of the
equalizer output (with a large value), which is a differentiable
cost function, as an approximation.

Our approach is to find an iterative algorithm, with a sim-
ilar complexity to gradient descent algorithms, that targets min-
imization of the norm directly. The real-time implementa-
tion requirement places a limit on the data window used by the



2516 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 53, NO. 7, JULY 2005

adaptive algorithms. In order to reflect this requirement, we can
modify the previous convex optimization problem as

minimize Problem 3

s.t.

where is a rectangular window function, with

otherwise
(11)

and represents the element-by-element multiplication of
two discrete time sequences (i.e., ). Hence, the
final problem would be equivalent to the minimization of the
norm of the finite size vector

...
...

. . .
. . .

...
...

(12)

Since is a linear function of the search vector and the con-
straint is a linear constraint, the corresponding norm
minimization problem can be casted to the well-known Linear
Programming (LP) formulation:

minimize Problem 4

s.t.

where is equivalent to matrix with the th column
deleted, is the th column of is the with the

th element deleted (since ), and is
the search vector. There are various approaches to solve the LP
of Problem 4, and [25] provides a comprehensive overview of
these approaches. However, obtaining the solution of an LP is a
computationally demanding task and, therefore, is not suitable
for real-time communications applications in general.

As an alternative to the approximation of [18] and the
LP approach, we propose a low-complexity iterative method
to solve Problem 3, which is more suitable for real-time ap-
plications. Our approach is based on subgradient optimization
techniques for nondifferentiable cost functions. The algorithms
based on these techniques have a desirable convergence be-
havior due to both the convex nature of the cost function and
the special step-size selection rules provided by the subgradient
approaches. Furthermore, their computational complexities are
low, which makes them attractive for practical implementations.

In the next section, we provide an overview of subgradient
methods in the context of our discussion. Later, we present
the blind equalization algorithms based on these subgradient
methods.

IV. REVIEW OF SUBGRADIENT METHODS

The gradient descent methods and their applications in signal
processing, especially in adaptive filtering, are fairly well known
[26], [27]. These methods use the first-order derivative informa-
tion to update the search vector such that the objective function

value is iteratively improved. The goal is to eventually reach the
neighborhood of a global or a local optimal point, depending on
the properties of the cost function.

Given that is a differentiable cost function to be mini-
mized, the gradient descent method consists of iterations of the
form

(13)

where the step size is chosen small enough to ensure the de-
crease in the cost function.

Various adaptive and blind algorithms have been based on this
structure due to its low complexity. The most well-known exam-
ples are the Least Mean Square (LMS) algorithm in supervised
adaptive filtering and the Constant Modulus Algorithm (CMA)
in blind equalization.

In the CMA case, for the equalization setup of Fig. 2, the cost
function is given by [5]

(14)

where is the level corresponding to the constant modulus. The
update equation corresponding to the CMA cost function of (14)
is given by

(15)

where the stochastic gradient is replaced by its estimate. Note
that the projection operator in (13) does not appear in (15). The
reason is that the CMA cost function in (14) is defined over the
whole , and therefore, the projection operator is the identity
operator.

The gradient-descent methods are applicable to only differ-
entiable functions. The nondifferentiable counterpart of the gra-
dient-descent algorithm is the subgradient projection method in
which the gradient vector is simply replaced by a subgradient
vector

(16)

where is a subgradient picked from the subdifferential set
. Although the subgradient algorithm looks very much

like the gradient descent algorithm, in the subgradient iteration,
it may happen that

(17)

for any [21]. However, if the parameter sequence
is properly chosen, then can be made to converge to the
optimal point . In fact, the selection of the step size is a cru-
cial point, and it has been a research focus for several decades,
where various step-size selection schemes have been developed.
Below, we provide a summary of these research efforts as we
will use different step-size selection schemes in the subgradient-
based blind equalization algorithm in Section V.

A. Constant Step Size Rule

The constant step size is the most primitive choice.
However, there exists a clear tradeoff between the final accuracy
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of the solution, which requires a smaller value, and the conver-
gence speed, which requires a larger value. In order to balance
these requirements, a dynamic step size with diminishing value
should be chosen.

B. Zero-Limit-Divergent-Sum (ZLDS) Step-Size Rule

One major result about the selection of the step-size param-
eter is due to Polyak [28], [29]. If the following two condi-
tions hold:

(18)

(19)

then . Therefore, (18) (zero limit) and (19)
(divergent sum) provide sufficient conditions for convergence
based on the step-size selection.

A simple example of a step-size-satisfying ZLDS rule is

(20)

which satisfies the conditions in (18) and (19), due to the fact
that the norm of the subgradient is bounded and nonzero in our
problem. This step-size rule has been studied in [30]. Under cer-
tain assumptions regarding the cost surface, it is shown that the
square distance to the optimal point decreases with a sub-
linear convergence behavior, i.e., we can approximately write

(21)

where for some parameter , which is dependent
on the cost surface and .

C. Relaxation Step-Size Rule

A dynamic step-size rule, which is known as the relaxation
rule [21], [31], is given by

(22)

where

(23)

and is the minimum value of . If the step size is selected
based on this rule, then it is guaranteed that

(24)

i.e., the distance to the optimal vector decreases monotonically
[30]. The choice of as in (22) also provides a faster rate of
convergence [than the step size in (20)]. The convergence rate
of this scheme has been studied in several references (see, for
example, [30]–[32]). For this step-size selection, a bound for the
convergence rate can be derived [30] based on the assumption
that there exists some for which

(25)

Using this assumption, and assuming that , it can
be shown that [30]

(26)

where

(27)

For piecewise linear functions of the form ,
Brannlund shows that [31] in (25) can be computed as the
solution of the optimization problem

s.t.

(28)

Unfortunately, the factor obtained from (27) provides only a
pessimistic lower bound for the rate of convergence.

D. Relaxation Step-Size Rule With Variable Target Values

The relaxation step-size rule in (22) requires a priori knowl-
edge of the optimal value of the function to be optimized, which
is not reasonable in most cases. The use of an estimate of in-
stead of has been investigated in several references (see, for
example, [33]–[35]) such that the subgradient update rule takes
the form

(29)

Bazaraa and Sherali did pioneering work on algorithms that
do not require the knowledge of [36]. Along the same lines,
Kim et al. proposed a variable target method where is up-
dated as a part of the algorithm [37].

Recently, Goffin and Kiwiel proposed a simple subgradient
method [38] that is relatively low complexity and is guaranteed
to converge. The algorithm is a variable target method, which is
based on the following two simple facts [21].

1) If in (29) is an overestimate of the optimal value ,
then either
• for some ;
• converges to an such that ;

such that the overestimate of is detected.
2) If in (29) is an underestimate of the optimal value ,

then it can be shown that

(30)

so that one can detect underestimate condition by
checking whether the finite summation

(31)

is above some threshold parameter.
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Therefore, one can start with an arbitrary and later update it
based on the conditions above.

Nedic and Bertsekas proposed [30] a simpler adaptive step-
size algorithm with unknown , where the estimate of the op-
timal value is given by

(32)

Here, the is updated according to

if

if
(33)

where are fixed positive constants with and
.

Sherali et al. [39] also proposed an algorithm with a similar
complexity to the Goffin’s algorithm outlined above. The algo-
rithm proposed in [39] also incorporates the so-called dilation
technique to increase the speed of convergence.

V. ITERATIVE BLIND EQUALIZATION WITH

SUBGRADIENT PROJECTIONS

In order to produce low-complexity iterative algorithms
for solving Problem 3, we apply the subgradient projection
approach, which is outlined in the previous section. We start
by writing the subdifferential set for the blind equalization cost
function

(34)

which is given by

(35)

where is the convex-hull operation, and is the th row
of the matrix , which corresponds to the equalizer input vector-
producing output . Here, we obtained the subdifferential set
by using the following properties of subgradients.

• Given a set of convex functions , with
the corresponding subdifferential sets , if

(36)

then

(37)

where Co represents the convex hull operation.
• Given , where is convex, then

.
On the inspection of the subdifferential set in (35), it can be

seen that the search direction for the subgradient projection al-
gorithm is obtained from the equalizer input vectors causing the
maximum magnitude equalizer output within the given window.

If is the set of the time instants for which the maximum mag-
nitude is achieved, i.e., , then a pos-
sible search direction for the subgradient projection algorithm
is given by

sign (38)

where , and . For convenience, one may
choose for some and for , in which
case, the search direction simplifies to

sign (39)

As a result, we can write the update rule for the SGBA as

sign (40)

where we have the following.
• is the index where maximum mag-

nitude output is achieved at the th iteration.
• is the step size at the th iteration.

A. Step-Size Selection for SGBA

There are various possible choices for , as mentioned in
Section IV.

• Constant step size : This is the simplest choice
for the step size. Small values of will cause slow con-
vergence, and high values will cause high misadjustment,
where the misadjustment is defined as the percent devi-
ation from the optimal value. As shown in [30], for the
constant step-size rule

(41)

where is an upperbound for the norm of subgradients
as described in the previous section. We can set to

(42)

in our problem as the subgradients are the rows of the
matrix. Therefore, for a given constant step size , the
distance to the optimal point is always bounded, and there
is no issue of unstable error growth due to the fact that the
norm of the subgradient is always bounded.

• Normalized Constant Step Size :
This is in analogy to Normalized-LMS (NLMS), where
the step size has a dynamic adjustment based on the norm
of the current search vector.

• Zero-Limit-Divergent-Sum (ZLDS) Step Size
: This step-size rule satisfies the Polyak’s

conditions in (18) and (19), and therefore, the SGBA using
this step size is guaranteed to converge (to the solution of
Problem 3), as we mentioned in the previous section.

• Relaxation Rule with Variable Target Value:

(43)

as in the relaxation rule of (22) with . If the
target value were known a priori, then this scheme
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would converge with a monotonic decrease in distance to
the solution of Problem 3. However, as is not known
a priori, we need to use a variable target value scheme.
There are different approaches for updating .

— The use of variable target schemes outlined in the previous
section [30], [38], [39]. Among these algorithms, we used
the Goffin&Kiwiel algorithm [38] in our simulations in
Section VI. This algorithm has a relatively simple rule
for updating the target value , and it is guaranteed
to converge to .

— As an alternative variable target scheme, for constant
modulus signaling, we propose the use of

(44)

which is the average of the magnitude of the output for
or the RMS of the output for within the

selected window. The resulting will always be non-
negative since

(45)

with equality if the magnitude of the equalizer output is
constant, which refers to the perfect equalization condi-
tion. For nonconstant modulus constellations proper ad-
justments can be made to by scaling with a constel-
lation-dependent parameter.

B. Variations on SGBA

1) SGBA for Complex Constellations: As shown in
[19], the results of [18] for real constellations can be ex-
tended to the complex constellations that satisfy the property

, where the corresponding
optimization problem is defined as

minimize Problem 5

s.t.

where and are as defined in (12). Therefore, the update
rule of the SBGA algorithm in this case becomes

sign

The second equation in the update rule above is the projection to
the constraint set. Note that in this case, it is possible to convert
Problem 5, which is a constrained minimization of the infinity
norm of a linear expression, to an unconstrained problem of
minimizing the infinity norm of an affine expression as in (34).

2) Weighted SGBA: We introduce the following modifica-
tion to the update rule in (40):

(46)

where sign is the subgradient. The only
change in (46) compared with the original SGBA is the intro-

duction of the weighting matrix , which is constrained to
be positive definite. If we choose the step size as

(47)

where , then we can show that, given

(48)

i.e., the weighted distance to the optimal point decreases mono-
tonically. In order to prove this statement, we write

(49)

(50)

(51)

(52)

where the inequality in (51) is obtained by using the fact that
is a subgradient, and therefore, we can use the inequality in (1).
For , the second term in (52) is strictly positive, and
therefore, we obtain the inequality in (48). As a result, since the
weighted distance to the optimal point decreases monotonically
and it is lower bounded by 0, the convergence to the optimal
point is achieved in the limit.

Note that this proof of convergence with monotonic decrease
in weighted distance to the optimal point is valid for any positive
definite . If we choose , then the weighted SGBA would
be equivalent to the ordinary SGBA algorithm with relaxation
step-size rule, and therefore, we have a proof of convergence
covered for this case.

Another choice of interest is the selection of as the covari-
ance of the observations vector

(53)

i.e.,

(54)

(55)

which would yield

(56)

(57)

which is the mean square of the error between the outputs of a
given and the optimal equalizer . Therefore, if the co-
variance matrix of the observations vector is estimated and its
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inverse is used as the weighting matrix, then the corresponding
weighted SGBA will provide a monotonic decrease in the output
mean square error relative to the optimal equalizer . Further-
more, the update rule in (46) will mimic the Newton algorithm.

C. Complexity Analysis

The basic advantage of SGBA is its simple update rule [(40)
and (46)], which makes it suitable for hardware-only imple-
mentations. The update vector is calculated from the inputs and
the outputs of the equalizer with a simple mathematical opera-
tion, and therefore, the algorithm is less prone to errors due to
fixed-point implementations.

In SGBA, for each iteration, we need to do the following:
• Compute output samples, which requires multi-

plications and additions.
• Determine the peak location, which requires sub-

tractions.
• Compute the step size whose complexity depends on the

step-size rule:
— the constant step size: no computation,
—ZLDS: one division.
—variable target scheme with in (44): for the av-

erage magnitude case (p=1), multiplications,
additions, and two divisions.

• Compute the update, which requires multiplications
and additions.

Overall, we need about multiplications and ad-
ditions (and additional computational load depending on the
step-size selection scheme) per iteration. Therefore, the overall
complexity is operations, where is
the number of iterations. The linear programming solution of
Problem 3 requires operations, where is a preci-
sion-based factor [40]. Therefore, considering that the number
of iterations is typically much less than the window length, as
justified by the examples in the next section, there is a big com-
putational saving obtained by the SGBA algorithm compared to
the linear programming solution.

The major computational burden of SGBA is due to the output
computation that requires operations, whereas the
update part requires (assuming simple step-size selection rule)
only ( in weighted SGBA) operations. In
many physical layer communication system implementations,
the equalizer is designed to be a part of the hardware, and there-
fore, both input and output samples are available to the adaptive
algorithm during the data collection stage at no additional cost.
As a result, in such systems, unless there is a constraint on the
reuse of the same input data window, we can drop the load of the
output computations from the overall computation budget. The
peak detection [and the magnitude averaging required for (44)]
can be also done during the data-collection stage with simple
additions. At the end of the data collection, the update can be
performed, which requires only ( for weighted SGBA)
operations per iteration.

If we compare the complexity SGBA with some other itera-
tive methods’ complexities, we get the following.

• The CMA algorithm [4], [5] requires opera-
tions. Here, in general.

• The super-exponential algorithm by Shalvi–Weinstein
[15] requires operations for output computa-
tion, operations for the computation of the
empirical cumulant expression, and operations
for the multiplication with the inverse covariance matrix.
As illustrated in Section VI, is typically less than

; however, the overall computational complexities
of the two algorithms are similar.

• The Vembu algorithm [18] (based on approximation
of ) requires , and typically,

.
When the output computation can be dropped from the compu-
tational budget by the hardware implementation of the equalizer,
SGBA has significantly lower complexity than all of the algo-
rithms above.

VI. EXAMPLES

In this section, we provide examples illustrating the perfor-
mance of the SGBA algorithm for some sample channels.

In the first example, we compare the convergence perfor-
mance of different step-size selection rules. We assume

•
as the impulse response of the

channel (taken from [41]);
• 4-QAM input constellation;
• .
The step-size selection schemes we compared are the

following.
1) Relaxation: ,

where is assumed to be known. Here, we precalcu-
lated using the LP method. This is not reasonable
in real-life applications; however, we include this case
to provide a basis of comparison for the other step-size
selection schemes.

2) Relaxation with Average:
, where is selected as the av-

erage magnitude in (44).
3) Normalized Constant: .
4) ZLDS: .
5) Goffin–Kiwiel Algorithm: We updated the target level

based on the rules presented in Section IV, following
the steps of the Goffin–Kiwiel algorithm in [38]. In our
implementation, we chose the threshold for the total
path length traversed for the given target level as 0.9 (
parameter in [38] and the initial distance between the
minimum and the target level as 4 ( parameter in [38]).

The plots for the distance to the optimal point and the
open-eye measures for the different step-size selection rules are
shown in Figs. 3 and 4, respectively. Among different choices,
the best performance is achieved by using the relaxation with
perfect knowledge of for which the eye becomes open
after 40 to 60 iterations. When is replaced with the average
magnitude approximation, a similar eye-opening performance
is achieved. However, the performance is worse after the
eye-opening stage. The degradation is due to fact that only a
finite time window is considered, and a symbol-spaced FIR
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Fig. 3. Distance to the optimal point for different step-size selections.

Fig. 4. Open-eye measure for different step-size selections.

equalizer is employed such that the perfect equalization con-
dition is never achieved. If the SBGA algorithm is considered
as the initial eye-opener algorithm, which opens the initially
closed eye and then leaves the stage to the decision directed
blind algorithms, then the relaxation with average magni-
tude step-size rule can replace the relaxation with as their
eye-opening performances are almost identical.

The ZLDS rule, although slower, provides a reasonably fast
convergence. The expected sublinear convergence behavior of
ZLDS (from Section IV-B) is also confirmed by Fig. 3. The
normalized constant step-size rules lead to a slow convergence,
as expected. The Goffin–Kiwiel algorithm, after careful tune of
its parameters, provides fast convergence. However, the perfor-
mance of this algorithm tends to be very sensitive to the selec-
tion of its parameters. For example, if the threshold parameter
for the expression in (31) and the initial target value are not prop-
erly chosen, then the algorithm can become very slow. Similarly,
we observed that the behavior of Nedic–Bertsekas algorithm is

highly dependent on the parameter in (33), and slight devia-
tions in cause drastic changes in the algorithm’s convergence
behavior.

As another example, we consider the same complex channel,
and we compare the convergence of SGBA with the following
algorithms.

• CMA [5] with constant step size: A high value of step size
is chosen to increase the speed of convergence.

• Vembu Algorithm [18]: We have the -based approxima-
tion of the cost function. We used a dynamic step-size
adjustment to increase the speed of convergence for the
gradient search algorithm. We selected parameter ac-
cording to the following rule:

(58)

where is the iteration index.
• Shalvi–Weinstein (super-exponential) Algorithm [15].

The window length is chosen as 400 (same as SGBA
algorithm).

Fig. 5 summarizes the results of the simulations with all four
algorithms, where each curve corresponds to a different initial-
ization point. Initial points are chosen randomly from the sur-
face of a sphere around the optimal point so that the initial dis-
tance to the optimal point is the same at each run. In SGBA
simulations, we used the SGBA with the relaxation step-size
rule rule with the average magnitude as the variable target value.
The following are the observations based on this figure.

• Convergence to a global optimal point is obtained
by SGBA and Vembu algorithms, whereas for the
Shalvi–Weinstein and CMA algorithms, can converge
to different stationary points, depending on the initializa-
tion [17]. The ISI level obtained by the LP-based solution
is dB, which verifies that the point converged by
the SGBA algorithm is close to the solution of Problem 3.

• When entering into a steady convergence path, the
Shalvi–Weinstein algorithm provides fast convergence.
However, depending on the initial point, the performance
may drag at high ISI levels for a while (which is probably
caused by the attraction of saddle points).

• SGBA converges at reasonably low number of iterations
and is less sensitive to the choice of initial point due to the
convex nature of its cost function.

• Both the CMA and Vembu algorithms are slow and re-
quire quite a large number of iterations.

As the next example, we consider a DSL channel, the com-
bination of an ITU G.SHDSL Central Office transmitter mask
and a transmission channel defined in standard test cases (CSA4
Channel with two bridge taps) [42]. The corresponding 128-tap
impulse response and its frequency response are shown in Fig. 6.
We also added white Gaussian noise with SNR level of 35 dB.

In this simulation, we assumed
and used the weighted SGBA (with average magni-

tude estimate of ). Fig. 7 summarizes the results.
• The weighted SGBA algorithm opens the eye in 50-to-100

iterations. In order to counteract the effect of noise on
convergence, each subgradient vector used in an iteration
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Fig. 5. ISI as a function of iterations for the four-tap complex channel.

is formed as a convex combination (average) of multiple
subgradient vector estimates based on (38). These subgra-
dient estimates are the input vectors (modulated by the

Fig. 6. Impulse response and the frequency response for a sample DSL
channel.

sign of their corresponding outputs) at the time instants
where the output magnitude is 96% of the peak magni-
tude.

• The super-exponential algorithm convergence curves
have initial high ISI-drag sections followed by sharp
falls.

• The CMA and Vembu Algorithms again require large
numbers of iterations. Furthermore, the stationary point
of the CMA algorithm with 10-dB ISI level corresponds
to an undesired stationary point with two significant ISI
taps (i.e., an undesired minima that is expected in a
sample-spaced FIR equalization setting).

• The computations required for each algorithmn are as
follows.
—SGBA: Assuming 75 iterations on average, the re-

quired computation is about 2.1 million operations (1.8
million for the output computations and 0.3 million
for the updates). Note that if the output computation’s
complexity can be dropped (with a hardware equalizer
implementation), then the computational requirement
reduces to 0.3 million.

—Shalvi–Weinstein: Assuming 20 iterations on average,
the required computation is about 3.3 million opera-
tions (0.5 million for the output computations and 2.8
million for the updates).

—CMA: Assuming iterations, the required computa-
tion is 6 million operations.

—Vembu: The required computation is more than 20 mil-
lion operations.

—LP solution of Problem 3: The required computation is
on the order of 512 Million operations.

VII. CONCLUSION

We introduced a novel iterative blind equalization approach
that is based on the iterative minimization of the norm of
the equalizer output using the subgradient optimization tech-
nique. SGBA updates are very simple and fast, especially for
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Fig. 7. ISI as a function of iterations for the sample DSL channel.

certain DSP systems in which the equalizer is implemented in
hardware. As the computational requirement for the updates is

minimal, the algorithm is expected to be insensitive against the
roundoff noise effects in fixed-point implementations. Further-
more, due to the convex nature of the cost function, the con-
vergence problems that exist in CM-type algorithms caused by
the saddle and undesirable equilibria points and arbitrary ini-
tialization points do not exist. Further improvement in the con-
vergence rate can be achieved through proper selection of the
step size, as illustrated by the examples in the previous section.
Moreover, the number of data samples consumed to blindly train
the equalizer is less than the other iterative blind equalization al-
gorithms such as CMA. Finally, we should add that the iterative
algorithm presented in this paper is an implicit higher order sta-
tistics method, and therefore, it is suitable for sample-spaced
channels as well as fractionally spaced channels (or general
single input multiple output channels).
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