
Phys 402: Final Exam
May 22, 2019

• Write your name and Student ID number in the space provided below and sign.

Name, Last Name:

ID Number:

Signature:

• You have 2 hours and 45 minutes.

• You must show the details of all your work. Illegible and ambiguous explanations and calculations

will lead to deductions from your grade.

Problem 1 (10 points) Consider a quantum system consisting of a particle of mass m that is

described by the Hilbert space L2(R3) and the Hamiltonian operator: Ĥ = P⃗ 2

2m
+ v̂(x⃗), where

v is a real-valued potential. Let ψ1 and ψ2 are solutions of the time-dependent Schrödinger

equation for this system, and ρ := ψ∗
1ψ2. Find a vector field J⃗ : R3 → R3, that satisfies the

continuity equation
∂ρ

∂t
+ ∇⃗ · J⃗ = 0.

You need to give the explicit formula for J⃗ in terms of ψ1 and ψ2.

Problem 2 Let H1 and H2 be the Hilbert spaces of a pair of quantum systems that realize the

spin-s1 and spin-s2 representations of the algebra so(3), i.e., we can identity Hℓ with the span

of {|sℓ,−sℓ⟩, |sℓ,−sℓ +1⟩, · · · , |sℓ, sℓ⟩}, where |sℓ,mℓ⟩ are the normalized common eigenvectors

of the spin operators Ŝ2 and Ŝ3 in their spin-sℓ representation, ℓ ∈ {1, 2}, and we use the

subscripts 1, 2, and 3 to label the Cartesian coordinates x, y, and z. Suppose that we have

a two-particle system where H1 and H2 represent the Hilbert spaces of the first and second

particle, respectively. Let us denote the spin operators acting in Hℓ by Ŝ
(ℓ)
j and the spin

operators for the two-particle system by Ŝj := Ŝ
(1)
j ⊗ Î(2) + Î(1) ⊗ Ŝ

(2)
j , where j ∈ {1, 2, 3} and

Î(ℓ) is the identity operator acting in Hℓ.

2.a (10 points) Show that [Ŝi, Ŝj] = i~
3∑

k=1

ϵijkŜk for all i, j ∈ {x, y, z}. To get full credit you

should show the details of every step of your calculation.

2.b (15 points) Find the eigenvalues of Ŝ3 and the corresponding eigenvectors.

2.c (10 points) Find a necessary and sufficient condition on s1 and s2 under which at least one

of the eigenvalues of Ŝ3 is degenerate.

Note: According to the statement of Problem 2a, Ŝj provide a representation of the algebra

so(3). This is a unitary representation because Ŝj are Hermitian. If Ŝ3 has degenerate eigen-

values, this representation is reducible. Therefore your response to this problem is a sufficient

condition for the reducibility of this representation.
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Problem 3 Consider the two-particle system of Problem 2 with s1 = s2 = 1/2. Let |m1,m2⟩ :=
|s1,m1⟩ ⊗ |s2,m2⟩. Then B :=

{
|1
2
, 1
2
⟩, |1

2
,−1

2
⟩, | − 1

2
,−1

2
⟩, | − 1

2
, 1
2
⟩
}
is an orthonormal basis of

H1 ⊗ H2.

3.a (10 points) Construct an operator Ŝ+ : H1⊗H2 → H1⊗H2 with the following properties:

Ŝ+|12 ,
1
2
⟩ = 0, Ŝ+|12 ,−

1
2
⟩ =

√
2 ~ |1

2
, 1
2
⟩,

Ŝ+| − 1
2
,−1

2
⟩ =

√
2 ~ |1

2
,−1

2
⟩, Ŝ+| − 1

2
, 1
2
⟩ = 0.

You are asked to express Ŝ+ as a linear combination of |m1,m2⟩⟨m′
1,m

′
2|, withm1,m2,m

′
1,m

′
2 ∈

{−1
2
, 1
2
}.

3.b (10 points) Let

|e1⟩ := |1
2
, 1
2
⟩, |e2⟩ := |1

2
,−1

2
⟩, |e3⟩ := | − 1

2
,−1

2
⟩, |e4⟩ := | − 1

2
, 1
2
⟩,

so that B = {|e1⟩, |e2⟩, |e3⟩, |e4⟩}. Find the matrix representation of Ŝ+ in the basis B, i.e.,

compute the matrix S+ with entries S+ij := ⟨ei|Ŝ+|ej⟩.

3.c (15 points) Let Ŝ1 :=
1
2
(Ŝ++ Ŝ†

+), Ŝ2 :=
1
2i
(Ŝ+− Ŝ†

+), and Ŝ3 := Ŝ3, where Ŝ3 is defined

in Problem 2, i.e., Ŝ3 = Ŝ
(1)
3 ⊗ Î(2)+ Î(1)⊗ Ŝ

(2)
3 . Find the matrix representation of Ŝ1, Ŝ2, and

Ŝ3 in the basis B.

3.d (20 points) Show that [Ŝi, Ŝj] = i~
3∑

k=1

ϵijkŜk, i.e., Ŝj define a representation of so(3) in

the Hilbert space H1 ⊗ H2. Is this an irreducible representation? Why?

Extra Sheet of Paper

2



P,.-L4^r** j- :

Plrr-{, &,o 2. ' .t. ( , t6 F\^ "L Lx e.",.. ?---t\-r*/r

s:\ 4ut

(*,S*l- t: $*.- ),-\t



P,"-bI*".. + 2-

z"q)
AA

t s, ,.s;

A (al

-i]

r
L

r
L

1

5

I

r 3')'

(r)   lr-)
I r$a )

cr) 4 tz)
l. Oa )

fc, r t C()u.' 
'5

^ (z) T r')
&1 + L

I crr ^[.\sj 61
A Lrr Aru
1 D S--

i-t,.'n

A (rl
C

J

A Cllq

, ]c.t( sh 0

d
5D,^

^(,\ ^t1 ) ^(,)
S- $a -+ a A

J

I c',,
g b. 

2

+

,\ c\)

A (tl ) (r)

o5.' , )j o

o e,to' , t-t" s

^ 
(2)

&2 +

+

+

A t'tJ,E
n Cr )S; D

rCr)ro
A c.)LS.' )

l^ =t
1

*-- A,-
-)- -.Jk
k=\

3

=-- €Ut"
vt=\

?..,_l

ti"J
- I (-t

1+Lr
I- -(tt1+ \ I

)r-

^ Cr) A (r)

JU

^ cu)
O S.

A (??

o sj

er'" 1o ^(z)

3 A(,r - ^cr)(:_.,*s,^')s a-

  (t\ 1 t.)Sr' b .-

- ,f (a7

tt"o L s. J

3

I"t
'>j

lcr,

l

)+a e (:-€5u s v

a-(?) lctti'''+ a O

\rt. ; \

3 ,^t'' )



2.b )

\,+ l+> €fr,&

4;i e C /

(?) lr,r
+.iA

A.^,C<' (r )

),

4sl- 5 (z)
j

UL,u r AY-^

t+) = E-trJ
n

FerR , r€=\N)=P

aJ ,*Ya "Jg 
, -o1J- lS,rm..:,>&\Fzr*=J

t'J

1

3

4
C-3.u;l--nt:*rt

{a j t 5,,, *t".}8 \ 5,-, * 'i )

\^t >

+r;j\{,*,}o
'-rJ 1 S.r"ng )

r(

i'8.4.';
t&

K 
3 :" \s,,$,,,. )" \ S,, .^ 

". ) +

\ sr, vv\, J) s t:' \ sz,'^"j 7l
I

Il-'.,i -.' +n'\zj) \ S,, rra.i) O \ se'*"j )

d..
l-

^t J
'u

fi,i el- Sr, -sr+t ) -') S'1

*oj el-S.r-Sztt )--) S"\
{A)

el'or*". 
J

*.; [_h CM'J 1 r^n"j ) - f

\-ttrun,.' > & \sz,\ 
",j 

) !
LIC*,,,+*h)-[31 =o

I \5t, froi ) O t.irro^ t-j )

r' J &'o---4 ^'; A o'y^^ t*-F

,(" dA Vj

4,i 1'

-*c
-)

fk-carr

=) N,'1

Sw-L, lA1.!tt) {o

t

= t ( rr.r.+ \i )

-f F ef^S,-S.r -sr-sar\r--,

=)

&

lr_
frj

3 ct",j )



fnas c d-,)-vn*,tu'h et^yr- v a-JA&L+ 6

)-

S,,=o ) h,. =4 --) B = l*- r j
\2

\.lo / Mz 3- .=1 $ = tr^,". t)\r

.t
%

Ylpn A"#^.r,- L .

r-/ o

S o l\ \ t(c 5, qr->- ^- f, 4t1 .'- \* .... l\u..^
t's +1.<+ b--lon \ ^.-] SL n,,,^,L \e
rro r.Z^e,-o .



a. a.)

% = \f,-h ( rr, -)> 1-),,-+\ + \ )-, \.)< )., -| t )

Pn^ob qa^.-.* ? :

z , t)

o {zI o ol
I, Y- I -t-r: l'o o \i-f, o

oooo
c^ooo

-t

\
I

\

r
\" \ o o

.r-\ I o o t a\z t 
\

lo o o o

Lo o t: o



-l'

sJ)
r f .s \ o al

=I \ r. o \ o 
ISz Io ro oi

L o s tr ol

f o \ o ol
\ -r o \ o \

[: ?: ""\

f O o o O--1

= Gtl , o o o \
lo \ s o\
Lo o o o I

I-

.G

3-c

yY1 s- \'r v-c f -{ L/.
.)

st. .ti_

LT $; &r".^ !".

r z- *t

rJ
2

o

=

f to '€ o
r Io s o o
f. I7\ I o G -1. o

l" o sc
L

o
o

r+ o

\. o]l
l, o
I

Lo o

=

, +> = I [er)O'r \ J-r=lSt 2/ ./

% \1,-l> =

/\. t1 r-i,-f)
  r \ \--

: f= \-'zr-e)

$. = L<",1 U;tE>J
r=*)

o.: \e.) ='(

% [es> =

% Iet)

-tt-l n-\2 = -h tca)

o

(c

-*.,
oo

-Ii



:=\"r1r,
+. s\o .-, --.1'\ -. .}

rn +^^ b"ttit "{fu

3

3 " J ) i+ i-r r,--$d'( c,.l

rn t.hn' >< rop - 4 dr.-w\ ' \ -J

\ il._ 

'" 

1--Ls.,5;f=,thq5nb*
6lf5.rr

Jh^
F* t^=[, j=z 8, L'=L'. j= 3 , & i=?, J =l

p*o ( e-*hta 4 €13 f" o,.* J

4^" corq 
^",,.J* 

h,or'

8t t-'t"c-r,a><r> $'\rot-n

a-A 57"^.r^< t-,

.'=)-, j :1 :

,*t-r:\i\ I

Iil,=+'[f;?i]
{\ L-€,"*$,, /\,..r\

o \ o ol

i:.t. : \t:t $,
O \OO s ) 3

{\T;€.=,,S*
r o o1
', : "" \1
o ooJ

I?- ro \ o o\
\ =t''\-,o\ o\) - .'q^. 

L"" -: "o oo 
\

3
s, =.h * 

€=,*Sn /

:- rr"-::l tti
= [kt;::;i \'oLt
\ o 01 Fo o o o 1
:; ." i \-[i :;) t" \

+.Laiii\) = ;t'
L6 o o

f
s.f
2 ro
;(\ot:
r(-

=tl.

:.Q3,,.

12
T\:-
.[-z

= d,hL

:

L

o o-1
1., I
.60t
o.))

r\ o
\o o
\-roLo o

L 3\, r zL '.

t\ 
".1 

= \[t] :
.lL C-t o \ o 1

---Ll\" o o o \ -z- \ j
F-( o \ o \Lo o o o J

r- rto o 51
l[, l];" o \ - lhr 60-Lo I -L5 s q ro J

s-=
a

,' L; i?,il 1
r.T: , Qr = L-* Iii.

=+,[-i : i i\ ti'i \'1]'o ". ; o J Lo 6 o

SO
tO
ogoO

+h*



f['i,
rw.
3x3

*T. is

{ +h^

o*-J lr I

caL*i" rcJrc:t&
(Y arr \cr^ q- L

&

b\^V/2 ?

-fyv /y\n tt"'x
de{f"*"i "t.'\

J"lr.^"\ /2^4nn-.

ft.f rr-s-u.\r\;-a -

s _-r\'z -
\"-

s=!tp

(q

O-5
to5

*l-vr 
l -s S\"ow, -rAn"t *'t'i>

-{ a, sg.n-\ o-d q

o

Io

o$s

-O =t3

6

s

-L

ol
c\
ot

11 \

i s -\t"'

Ssi^ - 0

ot


