Phys 402: Midterm Exam 2
April 26, 2019

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:
ID Number:

Signature:

e You have 2.5 hours.

e You must show the details of all your work. Illegible and ambiguous explanations and calculations
will lead to deductions from your grade.

¢ You may use the option of grading your own work. If your estimated grade differs from your actual
grade by less than 10 points, you will be given the higher of the two.

Estimated Grade:
B Actual Grade:

| Adjusted Grade: | |

Problem 1 (10 points) Show that the angular momentum operators Ly:=L, Ly:= i,. and

Ly := L, satisfy the identity [LD L= ihz:(,-jkf,k for all 4,5 = 1,2,3, where ¢,;; stands for

k= 1
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Problem 2 (15 points) Find the matrix representation of the angular momentinn operators

L,, L, and L, in the subspace of LA(R*) where I = 1. Recall that

LAl m) = U(L+ 1)R* |l m), Lylt,m) = mh|l,m),
Ly:=1L,+il,, Lill.m) = /(L Fm)@+m+1)[l.m+1).
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Problem 3 Consider a free particle of mass g moving in the r-y plane so that its dynamics is
described by the Hamiltonian operator H := 3-(P? + P}).

3.a (10 points) Derive the expression for the Laplacian in two dimensions in polar coordinates:

p:=/z%+y? and ¢ := tan~(y/x).
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3.b (5 points) Use your response to Problem 3a to show that H = D + %‘i‘f\\'hvrv L. is the
z-component of the angular momentum operator and D is a linear operator that in the position
representation takes the form of a differential operator involving the radial coordinate p. Find
the explicit form of this differential operator.

Note: You may use the fact that {p, oll. = —thd (p, ¢|.
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3.c (20 points) Use the formula, H = D + ,';,j}’fnr the Hamiltonian of this svstem to reduce
the solution of its time-independent Schrédinger equation to that of a particle moving on the
half-line [0,0¢). Determine the Hamiltonian for this particle,

Hint: Express the energy cigenfunctions in the form v(p. ¢) = p"Ulp)F(z) for a real mumber
a and functions U and F, and determine « and F(gp) such that vp is an cigenvector of L, and
U(p) solves a time-independent Schridinger equation defined in [0, %).

A ”~ V.

S,y = B REWTED = e 0 B0O

’ ) _t \m(P ¢ € { )
/ =Y L‘L\ké) = “Y“\'*(-\/ =) r(‘f) = Qe A S b
/ ' o 1 T

\/ ol

<‘f4‘€\"\'€‘/ = 0L J T Ty

tm

b 2 « \'M‘Q o7 \-(vx'f
2 T 15 L 9. - .
‘;‘};[I“”J 9*3,.,("_\5’0(8)( = E FTLLi e
e Wrouw V) €>° bQCGMt (A*\\A s 290 :\7
Qo fogsm NEME . o5
%
2 of ol

~
B
~

o/ o/~ |
gj(fU): o 3 U =% J ©

o %

( 2 o/ = o~y D,
| Y p @) & =E=p)E ] 80«3 & = F O

% « ’7 o/ s/ o/ -1 o= el /
P U 2P ' g wte-dd O 4 Ad Usgd T

)LD v
) (Vy—v-:‘\/-:—l)fu =0

-~ "d
o/ -\ / 2 ~ -2 -
- o™ . Ak 1YY U alxca+et=-m y§ U +UTU=c
—-—‘/ -

\ z

ol R —’- ::‘> U’/ q—w\

2
. I3 =% T
:l

( B

Wy By s BU




3.d (10 points) Find the asymptotic expression (valid when p — o0) for the common eigen-
functions ¥ (p, ¢) of H and L,.
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Problem 4 Consider a quantum system with Hilbert space L*(R?) whose Hamiltonian H
differs from that of a Hydrogen atom by an additive term of the form wi., i.e.,

where w is a positive real constant smaller than 10~°Ry/h.

4.a (20 points) Determine the first four smallest energy eigenvalues of H and their degree of
degeneracy (multiplicity).
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4.b (10 points) Find the degree of degeneracy of energy levels of H with energy smaller than
—-10"3Ry.
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