Phys 402: Midterm Exam 1
March 15, 2019

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:
ID Number:

Signature:

e You have 2.5 hours.

e You must show the details of all your work. Illegible and ambiguous explanations and calculations
will lead to deductions from your grade.

e You may use the option of grading your own work. If your estimated grade differs from your actual
grade by less than 10 points, you will be given the higher of the two.

Estimated Grade:
Actual Grade:

[ Adjusted Grade: ' ‘

Problem 1 Let N be a positive integer, and for each j € {1,2,---, N}, Xj and f’j be re-
spectively the standard position and momentum operators acting in the Hilbert space L?(R"),

e., (X;0)(%) = z;4(Z) and (]Sjw)(f) = —z’ha%j (%), where x1, 9, ,zx are the Cartesian
coordinates of 7.

1.a (5 points) Show that pj Is a symmetric operator, i.e., if ) and ¢ belong to the domain of
P;, we have (¢|P;y)) = (P;d|v).
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1.b (5 points) Let f : RNA—> R be a differentiable function, and % :

= (Xl,Xg, 7XN) Derive
an expression for [P; '

f ( H)} involving a partlal derivative of f evaluated at X.
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1.c (5 points) Let g : RY — R be a differentiable function, and P :
an exprebbion for [X { X

V"fé Lw B
‘:X g(?‘)mpw %"\9 PYeEN (X %‘frw (F)%;) Y

— (P, Py, -+, Py). Derive
s (13)] involving a partial derivative of ¢ evaluated at P.
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1.d (5 points) Let @ € RY. Derive an expression for e“‘ P/ hX i
or its componentb
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1.e (10 points) Let @(t) := ¢8®-P/h pepresent a time-dependent translation in L?(R"), where
t € Rand @ : R — RY be a continuous function. Consider the quantum system described

o~

by the Hilbert space L?>(RY) and a standard Hamiltonian, H = ﬁﬁ + V(X), where m is a
positive real parameter and V : RY — R is a smooth function. Find an explicit expression for
the translated Hamiltonian corresponding to the translation ¢(t) — @(t)y(t). To get proper
credit, you must simplify the expression for the translated Hamiltonian as much as possible.
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Problem 2 Consider a quantum system corresponding to a particle of mass m that is described
by the Hilbert space L?(R) and the Hamiltonian H, := % B %mwQX 2 + aX, where X and P

are standard position and momentum operators acting in L*(R), w and o are real numbers,
and w > 0.

2.a (5 points) Find a time-independent translation that maps H, to the simple harmonic
oscillator Hamiltonian H,.
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2.b (5 points) Determine the energy spectrum of H,.
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2.c (5 points) Find values of a such that the ground state energy of the system having H, as
its Hamiltonian is zero.

: \ Yoo X5
E e = O = 7 -~ - - 2
2. 2oy, (o3

NE—

A S S A t( = {hmo? X‘%

s



Problem 3 Consider a quantum system correspondlng toa partlcle of mass m that is described
by the Hilbert space L*(R?) and the Hamiltonian [ := H; + H,, where for each j € {1,2},

H = %hwj{aj,aj}, @y =

mwy
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P and wj; are positive real parameters.

3.a (10 points) Determine the ground state energy of the system. Justify your response.
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3.b (10 points) For the case that ws = 3w;/4. Find the degenerate energy eigenvalues of H
with lowest anduswessditenves: energi%t Justify your response.
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Problem 4 Counsider a quantum system with Hilbert space L*(R?). Let X P L, and T
respectively denote the standard position, momentum, angular momentum, and tlme—
operators, i.e., X and Pj are as defined in Problem 1, [ := X,P, —
Y € LA(R?), (T?/;)( ARESE T <XVT 1+ = Lx\van Y

reversal
XgPl, and for each
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4.d (5 points) Show that for every &, ¢ € L*(R?), (£|T¢) = (T€|¢)*.
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4.e (10 points) Consider a state of the system that is represented by a real-valued position wave

function ¥ (&), so that 74 = 1. Show that the expectation value of the angular momentum
vanishes in this state.
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4.f (10 bonus points) Is the expectation value of the angular momentum vanishes in states
described by a real-valued momentum wave function <ﬁ]w>7 Why?
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