Phys 402/OEPE 542: Midterm Exam 1

March 20, 2018

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:

ID Number:

Signature:

e You have 2.5 hours.

e You must show the details of all your work. Illegible and ambiguous explanations and calculations

will lead to deductions from your grade.

* You may use the option of grading your own work. If your estimated grade differs from your actual

grade by less than 10 points, you will be given the higher of the two.

Estimated Grade:
Actual Grade:

LAdjusted Grade: | j

Problem 1 Let X ; and PJ be respectively the standard position and momentum operators
acting in the Hilbert space L*(RY), and T : L2(RY) — L?(RN) be the time-reversal operator
defined by (7¢)(Z) = ¢(Z)*. Show that the following relations hold.
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Problem 2 Let H. = hw{a,al} +e(@” +a 2) where a := 1/ 2ﬁX + \/ﬁ——
are positive real parameters of the dimension of energy, frequency, and mass, respectively.

2.a (10 points) Find all Values of € such that H. describes a s1mple harmomc oscillator.
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2.b (5 points) Fmd the ground state energy of H, for the values of £ you find in part a of this

problem.
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Problem 3 Let H = hw{a,a'} be the Hamiltonian for simple harmonic oscil-
lator of mass m and angular frequency w, and [|¢) = %( |0) + e™@[1)), where o
is a real number belonging to the interval [0, 27), and |0) and |1) are the state
vectors for the ground state and first excited state of the oscillator. Calculate
the following quantities.

3.a (b points) The uncertainty in the position of this oscillator when it is in
the state described by |¢). ;
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3.b (5 points) The uncertainty in the momentum of this oscillator when it is
in the state described by [4).
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3.c (5 points) Find the values of « for which the product of the uncertainties

you compute in parts a and b of this problem is largest. What is the largest
value of the product of these uncertainties?
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Problem 4 (15 points) Consider a delta function potential of the form v(z) =

—Ad(z) in one dimension for some A > 0. The quantum system defined by

the Hamiltonian operator H = % + v(X) has a single bound state with a

negative energy. Find the energy of this state and a corresponding position
wave function. You do not need to normalize this wave function.
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Problem 5 Consider a quantum system with Hilbert space L*(R) and a stan-
dard Hamiltonian H = %(}qutl—:’f)—i—v()z, Y), where v(z, y) = —\ §(z)+imwy?,
and m,w, A are positive real parameters.

5.a (10 points) Find the ground state energy of the system.
Hint: You may use your response to Problem 4.
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5.b (10 points) Show that this system has finitely many bound states and
determine their number.

- 9‘ 8 ( [l ? “’@A o & 5“:\»'\" %’gﬂ K@lgcf‘ﬁ 'Br'\\ E‘af"‘k e/\\%yx (¥} O\J{i‘,& A v A
= Cow *\ (A V.S WEE- Jen ;S'g: c e A\,«M & Vit ):’7 i‘ﬁ / o ‘}
{ VAN )
3o "“(}'\/\ Qfﬁé C -’%"‘ruvm mg)w H v S ﬂ
' 'S\ \ M/XZ \ A Q)‘to) we, N max’% 2‘?"
SPfQCH) = ) Ru (s %) RS )

C
) J‘l JR’S!‘_\_MZK \/(...@‘{01"307“&

: X
Ly 4 e
’kw (Y\mm)g e 3.) -1 5
( DX
=) e 2z wmwh?
e, N maZ
N 5‘ 7 CA~n e 2‘
SO Nemax 15 Sha Larged mip= zmok
0 :
» VA B O
/. e. N ooax =7 v  perL 7T P
/‘/(/\/vué@“f 7 ’} N "!"" o h —}%»{m v - {:}7"?’\—9"‘%/
ha dx /1[ NY MLEM?M%. 1 -

2
T €L ’;; -



e

Problem 6 Let a and N, be a positive real numbers and U, : L*(R) — L?(R)

be defined by (U,))(x) := N,(azx), where X and P be the standard position
and momentum operator acting in L*(R).

6.a (5 points) Find N, so that U, is a unitary operator.
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6.c (5 pomts) Calculate U, X U ! for N, you find in part a of this problem, i.e.,
express U, XU in terms of X and P,
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6.d (5 pomts) Calculate U,PU for N, you find in part a of this problem, i.e.,
express U, PU Uin terms of X and P.
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