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Phys 401: Midterm Exam 3
December 08, 2018

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:
ID Number:

Signature:

e You have 2.5 hours.

* You must show the details of all your work. Illegible and ambiguous explanations and calculations
will lead to deductions from your grade.

e You may use the option of grading your own work. If your estimated grade differs from your actual
grade by less than 10 points, you will be given the higher of the two.

Estimated Grade:
Actual Grade:

LAdjusted Grade: —]

Problem 1 (10 points) Consider a quantum system determined by a separable Hilbert space
A and a time-dependent Hamiltonian operator H (t) acting in J#. Use the time-dependent
Schrédinger equation to show that if A (t) is Hermitian for all times ¢, then the time evolution
operator U (t,to) is unitary.
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Problem 2 Consider a quantum system determined by a separable Hilbert space € and a
time-dependent Hamiltonian operator H(t) acting in 2. Let to be a real parameter marking
an instant of time, 1y be a nonzero state vector, and 9/(¢) be the solution of the time-dependent
Schrodinger equation for this system that satisfies 1(to) = 1. Let V(¢) be a time-dependent
unitary operator, and % (t) := V (¢)1(t).

a (5 points) Find a linear operator f](t) : € — H, such that
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2.b (5 points) Show that H (t) is a Hermitian operator for all t € R.
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2.c (10 points) Suppose that H(t) happens to be time-independent, i.e., there is a Hermitian
operator Hy such that H 1) = Hy for all t € R. Express the time-evolution operator U (t,t0)
for the Hamiltonian H(¢) in terms of V (¢) and H,.
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Problem 3 A quantum system is determined by the Hilbert space L?(R) and the Hamiltonian
Fe= % [Ol pP? 4 B(XP + PX) + W/XQ}, where «, (5, and  are constant real parameters.

3.a (10 points) Find the explicit form of the Heisenberg equations of motion for the position
and momentum operators, Xg(t) and Py(t), for this system.
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3.b (10 pomts) For the special case where 8 = 0, solve the equatlons you find in Problem 3.a
to determine X (t) and Py (t), if at some initial time t, we have X u(to) = X and Py(ty) = P.
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Problem 4 Let 2 be a two-dimensional Hilbert space with an orthonormal basis {|1),]2)},
A= |1)(2] + |2)(1], and

A = B (1)(1] - 1)@l +i2)(1] + 12)(2]),

where F is a real and positive constant. A quantum system, that is described by the Hilbert

space ¢ and the Hamiltonian operator H , is in the state determined by the state vector
|1) + |2) at time ¢ = 0.

4.a (5 points) Find the eigenvalues and eigenvectors of H.
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4.b (15 points) Show that the time-evolution operator U(t, t,) for this system has the form
U(t) tO) = f(ta tO)f + g(ta tO)Ba
where f(t,0) and g(t, to) are complex-valued functions, I is the identity operator acting in J#
and B is a Hermitian operator. Determine the explicit expression for f(t,to), g(t,to), and B.
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4.c (10 points) Find the expectation value of A at time ¢ > 0.
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4.d (10 points) Calculate the probability of finding the value 1 for the measurement of A at
time ¢ > 0.
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4.e (10 points) Find the shortest time it takes for the state vector |1) + |2) to evolve into a
state vector that is orthogonal to |1) + |2).
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