Phys 401 /OEPE 541: Midterm Exam 2
November 11, 2017

o Write your name and Student 1T munber in the space provided below and sign.

Name, Last Names
1D Number:

Signature:

o You Lave 2.5 howrs.

e You must show the details of all youwr work, Illegible and ambignous explanations and calenlations

will lead to dednctions from vonr grade,

e You may use the option of grading your own work, If yvour estimated grade dillers from your actual

erade by less than 10 points, you will be given the higher of the two.

Estimated Grade:

Actual Grade:
l Adjusted Grade: |

Problem 1 (10 points) Let V' be a complex inner-product space with inner product (- |+ ). and
LV =V he a linear operator with domain V. The adjoint of L is the operator L1 Vo — V
such that for all vy, ey € V. (e[ Ley) = (Lleg|ey). Prove that LT is unique, ie., il there is a
linear operator L 1 — V suchthat {(oy|Ley) = (Joyfey) Tor all e, e, € V. then J = LT

Note: To get full eredit. you must explain the reasoning for each step of yvour prool
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Problem 2 Let [or all wy, iy, 2y, 2 € O,

f.’z) b

=< (wy.u), (2. 2(wy 2 + wozy) — i(wyzy — wyzy).
One can show that <« - =: C? — C? is an inner product on €7, Let V7 be the inmer-produet
space obtained by endowing ©? with this inner product.

2.a (O points) Find a positive real mumber o such that by ;= a(1.0) is a unit vector in V.
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2.b (15 points) Find a by, € €2 such that (bl,.";-_») is an orthonormal basis ol 17

[_Q_)t oo a b= (a,1H Le b__& = é? S 5_—,5‘\ e, » L\\
‘ : 5oy s
<L\l 6‘:“\(' . ¥ %:?.('\’O)\((:)"‘)y = \_f—l "‘/\] (‘/Q)\ (0,1 ¥

1 -
— (o,1) — Cr= )¢ 0) S < o
S — ‘ ' —f = ( ="‘\-T,)‘) _x
’J‘\'b'zl b;ﬂ> = i(tUk%‘\ \\,\C ~ :
= 2\ fa \\“‘<'\\,__\ It
“ "

- O



Problem 3 Let 1 be a two-dimensional complex inner product space with inner producet (- ).
(l"l)- |¢ z)) be an orthonormal hasis of V. and

l g . | .
‘,’l) = E (|L'l) o+ fl!"Z))- ‘f2> = E(;lﬁ) B I(j,l))_
3.a (4 points) Show that (Ul) HQ}) is an orthonormal basis of V7,
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3.b (6 points) Let U7 1 V' — V be a unitary operator such that Uley) = [/1). Find all possible
complex numbers a,. a, € C such that Ules) = aq|fi) +aalf).
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3.c (5 points) Find the matrix representation of U7 in the basis (|r'1). |r3))
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Problem 4 (15 points) Let 17 be a finite-dimensional inner-product space, and A. B, and ' he
Hermitian operators acting in V' and having 17 as their domain. Suppose that the eigenvalues
ol A are simple (nondegenerate) and [A. B] = 0 and [A. ') = 0. Show that [B, (] = 0.
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Problem 5 Let 7 be a three-dimensional inner-product space. and A @ . # — # be a

Hermitian operator that is represented in an orthonormal basis & of V' by (he matrix:
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5.b (15 points) Find the matrix representation T1; in the basis & of the projection operators
I o7 5 2 that map elements of .2 onto eigenvectors of .

R,b X (PN COY»—-(J il ey & Wt eAee, :b‘-i‘_}

sz o = o L' or O‘\ - N [ o
g.i_i /\lk ' = | I ,,; o | klb‘ !..\\\}
- == L o C\ )

| (=]

L T T - A2 "o Cqpe 9 -
h ‘o \‘ - o ".—A 4 - 't] }: \ li )‘,‘Z l '-\‘ J =) — 2 Oy 2 - ._\ 7 L z “+ C 3 - O
- (]
= -2 € O

‘.
- = ' \ B \
eraae . y oo S & e
>\ - >\3 =i\ = \}1 =7 (\\\ = bq R;— 3z \ o g 2 - J
) B > o r‘ l
[ . ' {‘_L
r\“, l - U—i






Problem 6 Let .7 and A of Problem 5 be the Hilbert space and an observable of a guantiimn

system, and A, be the state given by a state vector 2 that we can represent in the basis & by

i — | 1 |. Caleulate the probability of finding the following values as a result o measuring
l
A in the state A,

G.a (8 points) a = 1.

Py = < Wy i

£\t Y AN ) )
v l | a NS L
AT l“ S tlzpe o Ot i l
C O (I
- l | V= —\ v \ t
*Q_i‘ \ 1&\ o\\ -Z.(I EvAoy )
T

- o L L Y
G.b (7 points) o = 14 V2. '\3’ ) (/l,#,\ <(\\ | Hg vy / - ‘l v

\ - i
¢ :.ﬁ' ~N\L- = ( l - £
Al W“z - v vy j\ Wz 2 O ‘X&

X A \ﬂv,

= Z Vo) bueQiggzay o & (; 1 et evadT )
)fk\\z_w\\]t {

= 0
|’J‘\I 7 = 7 . \ : -\3-?,7
- 48

‘:p (") = “\r

1a{y [
6.c (h points) o — 2 + /2.

> 47 & Spechn- B A =)



