Phys 401 /OEPE 541: Final Exam
January 05, 2018

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:
ID Number:

Signature:

e You have 3 hours.

* You must show the details of all your work. Illegible and ambiguous explanations and calculations
will lead to deductions from your grade.

Problem 1 (15 points) Consider a classical particle moving in R. Let X and P be the
corresponding position and momentum observables and X := e*”f(X) and P = fX+P
where «, 3, are real numbers and [ : R — R is a differentiable function. Find necessary and
sufficient conditions on a, 8,7, and f such that (X, P) — (X, P) is a canonical transformation.
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Problem 2 (28 points) Determine the general form of the functions f : R — C, g : R — C,

and h : R — C

such that

1, ) = f(t)e—g( )z?+h(t)z

is the position wave function for an evolving state vector |1(t)) of a free particle of mass m

moving in R.
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Problem 3 Consider a particle that is moving in R and interacting with a potential of the form

+oo for <0,
Viz)=4{ —Vu for z€(0,b),
0 for x>0,

where b and Vj are positive real constants. Suppose that the particle is in a state given by the
position wave function:
re ™ for x>0,

0 for z < 0.

(o) = {

3.a (10 points) Find the expectation value of the position of the particle.
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3.b (5 points) Find the uncertainty in the position of the particle.
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(10 points) Find the expectation value of the energy of the particle
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Problem“ The motion of a free particle of mass m that is constrained to a circle of radius a
may be identified with that of a free particle moving in the interval [—7a, 7a] and having its
position wave functions ¢ (z) satisfy the periodic boundary conditions:

Y(—a) = (ra) o (—ra) = ¢'(ra),
where a prime stands for differentiation with respect to x.

@.a (igpoints) Find the energy spectrum of such a particle, i.e., solve the time-independent
Schrodinger equation for a free particle in the interval [—7a, 7a] and impose the above periodic
boundary conditions. What is the degree of degeneracy of energy eigenvalues? -
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‘J.b(@ points) Find a complete orthonormal set of energy eigenfunctions for the system.
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4.c(5 points) Let & be the operator defined by (Pv)(x) = p(—z). Determine a complete set
of energy elgenfunct1ons of the particle that are also the eigenfunctions of 4.
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15.d (10 points) Let « be a real variable, find the spectrum of the operator H, := 5—2 +aP
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