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‘Math 450/550: Midterm Exam 1
Spring 2015

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:

ID Number:

Signature:

® You have 2 hours.

Problem 1 Consider a classical particle moving on the real line so that its phase space

P ={(p,q) | p.g € R} =R2 Let Q. P € C°(4) be the observables defined by Q(q.p) :=g¢

and P{q,p) := p. Let w; and w, be pure states of this system which are respectively given

by (qi.p1) == (1,1) and (g2, p2) := (1, —1), and w := (2w; + 3w,)/5.

1.a (10 points} Find the expectation value of ) and P in the state w.
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1.b (10 points) Find the variance (standard deviation) of Q and P in the state w.
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Problem 2 Let n be a positive integer, (Vi, {,-)1) and (3, (-,-)2) be n-dimensional com-

plex inner-product spaces, & := {e;,eq9,---,e,} be an orthonormal basis of V;, F :=
{fi, fo,- -+ . fu} be an orthonormal basis of V5, and U : V' — W be a linear operator whose
domain contains &) and for all j € {1,2,.-- ,n}, Ue; = f;.

2.a (2 points) Show that the domain of U is ;.
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2.b (18 points) Show that U is a unitary operator.
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Problem 3 Let (V,{,-)) be-a finite-dimensional complex inner-product space and
L.J:V =V Dbe linear operators with domain V.

3.a (10 points) Show that (LJ)* = J*L*.
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3.b (10 points) Show that tr(L.J) = tr(JL). Q ,{ , 6: {e“ - eh'} e an °
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Problem 4 Let (V, {-,-)) be a complex inner-product space and P: V — V is a projection
_operator (that is not necessarily orthogonal.)

4.a (gpoint;s) Give the definition of a normal operator N : V — V with domain V.
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4.b (§ points) Give the statement of the spectral theorem for normal operators acting in
finite-dimensional inner-product spaces. Gre & rormed afpw'i’ﬁ*/ NNV
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4.c (10 points) Show if P is a normal operator, then it is Hermitian.
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Problem 5 Consider a quantum system whose state vectors helong to a finite-dimensional
inner-product space (5, (-, -}). A state of this system is a linear operator w : % — R which
maps the algebra of observables % to R and satisfies w(I) = 1 and w(A4?) > 0, where I is
the identity operator acting in ## and A is an arbitrary observable.

Note: Faddeev-Yakobowskil uses the notation < Alw > for w(A).

5.a (15 points) Show that for any state w. there is a unique positive operator M with unit
trace such that w(A) = tr(MA).
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5.& (15 points) Let Afy, M, be t;he positive unii-trace operators corresponding to a pair of
.pure states such that tr(M;M,) = 0, w be a convex combination of these states, i.e., it is
given by the linear operator M := (1 — a)M; + aM; for some « € [0, 1], and A = M; — M,.
Find the expectation value and the variance (standard deviation or uncertainty) of A in the

state w.
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