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Problem 1 Let V and IV be vector spaces over F, D C V| L: 1V — 1V be a linear map
with domain D, I3 be a subset of W, and A be the inverse image of B under L, i.e.,

A= L7Y(B). Prove or disprove the following statements.

1.a (10 points) If A is a subspace of D, then B is a subspace of TV.
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1.b (10 points) If B is a subspace of IV, then A is a subspace of D.
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Problem 2 Let U,V and IV be vector spaces over [F, U and V' are finite-dimensional,

SeL(V.W), T e L(U,V),and S : Ran(T) — W be the restriction of S to Ran(7), i.e.,
for all v € Ran(T'), Sv := Sw.

2.a (3 points) Show that Nul(.S) is a subspace of Nul(5). )
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2.b (3 points) Show that Ran(S’) = Ran(ST). A
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2.c (14 points) Use parts a and b of this problem together with the dimension formula
for fy\an(l S to show that dim Nul(ST) < dim Nul(S) + dim Nul(7).
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Problem 3 Let V' be the vector space of upper-triangular complex 2 x 2 matrices and

(-,-) : V x V = C be defined by
VA,BcV, (A,B):=u(AB"),

where for every M = [M;;] € V| tr(M) is the sum of the diagonal entries of M, ie,

tr(M) = My, + My, and A s the transpose of the complex-conjugate of M; M = = [Mjq].

3.a (10 points) Show that (-,-) is an inner product on V
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3.b (10 points) Find the general form of a unit element of the inner-product space (V, (-, -))

which is orthogonal to both of the following matrices.
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Problem 4 (20 points) Let VV be a complex finite-dimensional vector space, dim(17) > 0,

and L € L(V). Show that L has at least one eigenvalue.
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Problem 5 (20 points) Let V' be a vector space over F and S, T € £(V). Prove that ST
and TS have the same point spectrum, i.e., every eigenvalue of ST is an cigenvalue of T'S

and vice versa.
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