Math 303: Final Exam
May 28, 2019

e Write your name and Student ID number in the space provided below and sign.

Name, Last Name:
ID Number:

Signature:

e You have 2.5 hours.

e You must show the details of all your work. Illegible and ambiguous explanations and calculations

will lead to deductions from your grade.

Problem 1 The exponential and natural logarithm of a complex number z are defined as
follows.

e Let x:= Re(z) and y := Im(2), then e* := e”(cosy + isiny).

e In z is defined to be a complex number w satisfying e¢* = z.

1.a (5 points) Use the above definition of e* and properties of the exponential and trigonometric
functions of a real variable to show that for all z1, 25 € C, e®e*2 = 5122,

1.b (5 points) Use the above definition of Inz to show that for all z,z0 € C,
In(z129) = Inz; + In 2.

1.c (10 points) Find the imaginary part of all possible values of (In z)™* for z := \/g (1+1).

Problem 2 (15 points) Let ¢ : R? — R be a solution of the Laplace equation, V*) = 0, in
R2. Show that the stationary points of v are isolated points of R?, i.e., given any stationary
point of ¢ there is a disc centered at this point that contains no other stationary point of .

Problem 3 Let f : C — C be a complex-valued function with domain C, and u,v : R> — R
be functions defined by u(z,y) := Re(f(z +iy)) and v(z,y) := Im(f(z + iy)).

3.a (5 points) Give the definition of the derivative of f at a point z € C.

3.b (10 points) Suppose that f is a differentiable function, and u and v have continuous second
order partial derivatives at every (z,y) € R% Show that the derivative of f is differentiable.



Problem 4 Let f: R — R and g : R — R be the functions defined by

e for r <0, e d

f(z):= 1 for 0<z<1, g(x) = (a:)+%f(x)—6f(x)
S0-2) for x> 1,

4.a (10 points) Find an explicit expression for g(z) for all x € R.

. * g(@)
4.b (1 ts) Evaluat dz.
(10 points) vauae/ s

—00

Problem 5 (30 points) Evaluate the Fourier transform of f(x) := (2% +1)72.
Note: To get proper credit, you must use the methods and results covered in this course.



Math 33 < Sily s Ao P Exovm

Prodln. iaa\) %\:K\+\‘\1\ ) T o, = XKty
X
Y g \ - :
e c%v. — e ey 4 Sny,) e Gy, 4 Sy )
»X\T('XL . N
= € LC/V\‘“C«\(,L—‘S\"A‘“S\”\‘{—L -+
C(Siny, Cuy 4 Coy, S ) ]
X X, ~ o
_ C\ [wa(&lth)—t\S‘h(Y“t%k)l
X 4 X, 4 v (2 )
= C
L, 4
= &

N/
N =
€ \ = ;t( oo o < - 17‘
W . W, e g
= %LA“L: < -




L-c) 7 = Al

‘ N )
e o ) &]M \;»wﬁ“ /
/

7
= Je e
. . “ !
«QM%:',QM(EC\“H’*LT‘H\):L\\[EA\TA(;JVZ‘\“)
:L—\—\"T\(%—(-Zn) we b
2 2

D a JRES N PR
(uo,pft\) -

L(a) = L (S o+ imcheen)

| \ z, \ Ty
]%"?‘.\T\(Z\\—{—Zm)\: (Z*T\(Z*z“)

\
<E)W:‘: "l‘(/v:‘< ‘m(;

=1 O

w

4 Zn )\) _ _\_h:i ( ‘tl&-* L{T\nv
§

z

=y doctery = & Lane

VLt 2T |

= Ay + \'(‘e,\—+ 2w )

1% [7‘/* ‘FT\(%-\' 'u\)‘l [ﬂm(o\'\) —+ v €Y .+ 'a\m)]
(Lo ¥) = e

éQM“u*T\»C%ﬁlh)C%“% 2T m)
= ¢ \ X
’:E’U\C’:“"FZ’V\} QJV\D\\\ “ ;LQPy\‘t"l“T\M} 1

e

| \
shaa, —Tic=

i \ 7t A2 ne) |
;j/w\ *Qz\,\ Bt = &£ 5 \ 1
‘ [( %) 1 - S\r\ E'ﬂ(q-{*%)vo/\:\&wﬂ» i(‘{’v‘_{. znm}l




@r»OLLQJJ\N\Z. a v?:\% - o E—-2) /\LXXT/\!‘J\("I = 0

‘-QJL{, ui:"{’x =1 U‘x:thx:‘ y
 {
— _
& (A\l :’\\‘yx -_UX =1 fu\l"——qj)(x
\
Y
-§3(x-§.'\()§: u(x,»() + (VCX, )

I

{LFX(XL‘I) - "r\f,\’(xl\()

= $£. .05 ¢ 'S ﬁwbmmfﬁ/‘rf //ﬁwc’(\\“ '

4~ Zevos 2 BNEE J .

3'(;(\ = =P ,\\’A\le ) = 23 "{’\’ (x,y) = )
(=Y Yovoxl =0
(—’0\‘*\’? "‘%,\L

_s (%:7) i & shokonar

Stk nany po o J;) A an YRlahd Po &

A IR



e = Foxwv) = j€(>“l"7;): 2 [M(X‘T’ tiu ("“”K

X
~ ~
LJ, U= Wy I (\};:q}x 8 & M ¥
’ > o
§(X~\:~1\ = Weg) 4070 (%)

I+ s S Aoy A< slog, BN C\' 4 ”IJ'

ﬁo\i@/\'i /\/\'\,\ CO\/L&»L/Z\'U _ JQIAC/\/V\Q Ny QOHOL"“\\‘O\@ -

Locawne - ‘f) IS a oC‘Mey\/K'qé,(’,\ Lochue 5 w and U
AW;\'&?‘,«, +h CWL?, - J/P.Awﬁ Ahn covdi W, £« e

4

U x S Uy o u‘l:‘(}}x

\\

~
W, = Uyy = U = = U w o ’
X 7 X * T \F—’> w L o ﬁaw
U\‘f = LAx\'{ _—_(/(7><:’-’Uxx - _—-lb'x S .CMZ_

p
(/? ,P LA NN (‘Qk h}»\. 7}‘;«\

M%Wf\w@ ,



Poklm, A.q -

-~ et

T x : ECl»x)

fexr = € Brox) 4+ Olx) - §(x-1) 4 e O (x—1)
X 3Ct=x)
= € J(-x) 4+ 0x) 4« [ e -1 19 (x-0)
2x <X
51[?”() = 2¢ 9(-x) - e Sc—x) + Sixy +
)(
3(‘*-)() 2((__) ‘
~ 3¢ 9(x-) 4+ [ e = —1 §cx —\)
2>¢ 2 (l—x)
= 2¢e O(-x) - §(x)+ Sx)=-23e O (x—()
2 X 21=-x)
= 2€ 9-x) — 3e OCx-1)
Tli—x)
2 < x
d
’f‘Z*ECX) = 4Yeg X(9(~><)'2€ bl-x) 409 e & Cx =)
X
3 ()~
- B £ (=) S Cx —1)
SCL—=%) |
2
= he  Prex) — 2 St 9e & (x -0 =2 8x=1)
2
2 x S({~x) N B
Aqex) = 4 ¢ Il-x) + Je S(x-1) — 26(x) —3 8x—1)
X 3(!»){)
+ e OC-x) _3¢ Gix-y 4

S l=x) B ‘&
—*GE@ZX Slil-x) + ¢ O(x -1) + 9(x] =39 (xX=1)

~2 Sexy— 3 Sex —1) — 6 L9ix)—=9tx -1 1



fl

| (O
“) f 5¢9) 4
o X |

- <.

B Y T L e A LR TCRT

—

X+ 3

d x
_23 -6
- 4 ) g
1
_ _Z.~§. ——Q -&A«(X'E\)\ R
‘“ 9.



% (_\M '
PobQim 5§ - _(;O«) - i .
\ e
\Y;T\ J JX
— = (xF)
vz
LU‘ 'gc;& _— C
} s ST
¢ A | )
l—f[ —_— - % - * aw o b,
PO\Q/-’Q
o Wy o
(2-100
K - 6o ¢ : C.‘
——— '(:Q
1 b\ ‘Z)(x»éx 1
—t— J
R ced
—G‘Y\ g(\&)
A Q| , FTa)<o =Y Lo 92y =0
Q——f@ﬁ
o . 5 N g%(-‘k)dl _ om2me Ras (=)
- (w) =
) N2 R 00 NEEY
C—N«{
—ihx e
) = . 2
§a» = — == 0.4 ‘&( ) ez -1}
(R xv) (E-y)
/
4 (: () 'ex("\(\ +/E\(—()L°c.~t()+‘-\
=) ) = i
LQ*Q)L LQ«{)L
V) B
~ , , _,\'\Ae"‘h{ 9 e \\'tjc
qzt(~)—-J€/\(—-\) (%] = ~1_ﬂ
. S I Q?_,—,) ( \ W
—U Qﬁk LQ“K (—‘zw—‘i\,g’\"’\(w+\§c
— (Q‘LS(—- ) = = - _— = T = L\
| \ )" CEADI B0
g -Lw D w0 e Codm r) & o



(> oo a’\’\A X

roo (XTa)
o
e w =) gcvﬂv \ B
Ly wr=- - Len J 0 (5
‘ ~ — U
70w 2) €
L e L)L
2\ e

e
e

— W\
I Clwlxny) €

~
Foo = —

W





