
Math 303: Final Exam
May 28, 2019

• Write your name and Student ID number in the space provided below and sign.

Name, Last Name:

ID Number:

Signature:

• You have 2.5 hours.

• You must show the details of all your work. Illegible and ambiguous explanations and calculations

will lead to deductions from your grade.

Problem 1 The exponential and natural logarithm of a complex number z are defined as

follows.

• Let x := Re(z) and y := Im(z), then ez := ex(cos y + i sin y).

• ln z is defined to be a complex number w satisfying ew = z.

1.a (5 points) Use the above definition of ez and properties of the exponential and trigonometric

functions of a real variable to show that for all z1, z2 ∈ C, ez1ez2 = ez1+z2 .

1.b (5 points) Use the above definition of ln z to show that for all z1, z2 ∈ C,
ln(z1z2) = ln z1 + ln z2.

1.c (10 points) Find the imaginary part of all possible values of (ln z)ln z for z :=

√
e

2
(1 + i).

Problem 2 (15 points) Let ψ : R2 → R be a solution of the Laplace equation, ∇2ψ = 0, in

R2. Show that the stationary points of ψ are isolated points of R2, i.e., given any stationary

point of ψ there is a disc centered at this point that contains no other stationary point of ψ.

Problem 3 Let f : C → C be a complex-valued function with domain C, and u, v : R2 → R
be functions defined by u(x, y) := Re(f(x+ iy)) and v(x, y) := Im(f(x+ iy)).

3.a (5 points) Give the definition of the derivative of f at a point z ∈ C.

3.b (10 points) Suppose that f is a differentiable function, and u and v have continuous second

order partial derivatives at every (x, y) ∈ R2. Show that the derivative of f is differentiable.



Problem 4 Let f : R → R and g : R → R be the functions defined by

f(x) :=


e2x for x < 0,

1 for 0 ≤ x < 1,

e3(1−x) for x ≥ 1,

g(x) :=
d2

dx2
f(x) +

d

dx
f(x)− 6f(x).

4.a (10 points) Find an explicit expression for g(x) for all x ∈ R.

4.b (10 points) Evaluate

∫ ∞

−∞

g(x)

x+ 1
dx.

Problem 5 (30 points) Evaluate the Fourier transform of f(x) := (x2 + 1)−2.

Note: To get proper credit, you must use the methods and results covered in this course.
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