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Problem 1. Let L be the line in the plane R? that passes through the origin and makes

é}}f PO

an angle % with the positive z-axis, p be the point in R? with Cartesian coordinates

(2,—1), and ¢ be the mirror image of p with respect to L.
1.a (10 points) Express p as a complex number and use the algebraic operations corre-

sponding to reflection with respect to the z-axis and rotation in the complex plane to

find the coordinates of g.
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1.b (10 points) Repeat part 1.a for the case that L passes through the point (1,0) rather
than (0,0).
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Problem 2 (25 points) Let P and S be respectively the plane and sphere that are defined
by  —y + 2z =2 and 2® + y? + 22 = 4 in a Cartesian coordinate system in R*. Use the
method of Lagrange multipliers to find the minimum and maximum value of 2 +y — 2z on

the intersection of P and §S.
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Problem 3 Let A : R* — R3 be differentiable vector field and
C=Ax(VxA)+ (A -V)A, (1)
where (A - V)A := [AI(% + Aga% + /13%] A, Ay, Ay, A5 are components of A ie., A =

Al + Asj + Azk, and i, j, and k are the unit vectors along the x-, y-, and z-axes.

3.a (10 points) Use the properties of the Kronecker and Levi Civita symbols to express
C as the gradient of a scalar function f : R® — R, i.e.,, show that C = V[ for some f
and give an explicit formula,)for f in terms of A.
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3.b (10 points) Evaluate the right-hand side of (1) and compute C(1, 2, 3) for the following

choice of A (Do not use your response to part 3.a.)
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3.c (10 points) Use your response to part 3.a of this problem to compute C(1,2,3) for

the choices of A given in Equations (2) of part 3.b.

L

: ! e evie 2
A = (X~%)2‘-'{-C><-4-}')l,g(}(.;‘72_-) - 94t ) >x v H /

= z % z
= 33X 4y + 2t + 22Xy

2 = l%\;\[z': %Y(éx—t?\/)?“\_ (zy+z><§j4- 4T l
2

ey K

== -
s ('5><+\();+ (X4¥)y) + 2T

Ca | 3

LT < (53 6)
C(LI?J’S‘) = 5 ¢ + 33 + 6 W ».( >~




Problem 4 (10 points) Let F : R? — R? be the vector field defined by
F(z,y,2) = 2zzi + 22" + (&* + 292 — 1)k,

where i, j, and k are the unit vectors along the z-, y-, and z-axes in a Cartesian coordinate
system. Find a scalar function ¢ : R* — R satisfying F = V¢.
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Problem 4, Let F : R? - R? be the force field defined by F(z,y) = 3% + 2?%j where i

and j are unit vectors along the z- and y-axes.
&
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4 a ( 15 points) Use Green’s Theorem in plane to compute the work done by F along the Lo wé -y It

?:em&enele defined by y %\/1 — 22 as it is traversed counterclockwise.
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-4.b (15 points) Calculate the same quantity as in part 4.b by evaluating the line integral

that gives the work, i.e., without using Green’s Theorem.
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