Math 204, il 2016
My tdecm Exom 2

Problem 1 Suppose that the following initial-value problem has a power series solution of the
oo

form y = Z ax”.
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la (10 points) Find the recurrence relation satisfied by a,.
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1b (5 points) Determine the first five nonzero terms of the series Z @™,
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1c (5 points) Solve the recurrence relation you find in part a, i.e., express a,, in terms of n.
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Problem 2 Let f : R — R be a differentiable function such that f(t) = €' for t > 2.

2a (6 points) Show that f(t) has a Laplace transform F(s) for s > 1.
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2b (4 points) Show that f'(¢) has a Lﬁplace transform for s > 1.
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2c¢ (5 points) Use the definition of the Laplace transform to show that the Laplace transform
of f'(t) is given by sF(s) — f(0) for s > 1, i.e., L{f'(t)} = s L{f(t)} — f(0)
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Problem 3 Let f and g be differentiable functions Satisfying

£'(6) = 29() = wa(t), R )
g (t) + f(t) =1, , (2)
( (0) =0, . (3)

where uy(t) denotes the step function satisfying uy(¢) = 0 for ¢ < 2 and uy(t) = 1 for t > 2
Suppose that f(t) and g(t) have respectively Laplace transforms, F(s) and G(s), for s > 0.

3a (10 points) Take the Laplace transform of both sides of Equations (1) and (2) and use the
result to determine F'(s) and G(s).
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3b (15 points) Use your response to Problem 3a to obtain f() and ¢ )
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Problem 4 (15 points) Find the general solution of the following system of equations.
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5a (10 points) Find an explicit expression for the fuhdameptal matrix e of the system
x'(t) = Ax(t), i.e.,, compute the exponential of tA.
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5b (15 points) Use your response to Problem 5a to solve the initial value problem:
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