Problem 1 Consider the system of equations:

L] — Ty + X3 = 0,
201 + 1y + 13 =0,
I — 2x + sx3 =0,

3r1+sry+Lrz3 =0,
where 1. 29, and z3 are unknowns and r and s numbers.

(15 points) Find all values of s and ¢ such that this systemn has a nontrivial solution.
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Problem 2 Let T : R® — R™ be a linear transformation.

a (10 points) Prove that T is one-to-one if and only if Nul(7T) is trivial, i.e., Nul(T) = {0}.
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b (10 points) Show that the range (image) of T is a subspace of R™.
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Problem 3 Consider the row operation that replaces the second row of every 3 X n matrix
by the sum of this row and twice the first row.

a (10 points) For n = 1 this defines a function £ : R3 — R3. Give the formula for
‘a1

E(| 25 |), and show that F is a linear transformation.
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b (5 points) Determine the standard matrix for E.
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c (5 points) Find the inverse of E, i.e., give the formula for E~1(| z, |).
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Problem 4 Consider the matrix

-1 2 a
A= 2 -4 -1
3 0 2a
a (10 points) Use elementary row operations to find all values of a for which A is invertible.
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b (10 points) Use elementary row operations to determine A~! for a = 0.
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Problem 5 Consider the linear transformation 7' : R* — R? defined by
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a (5 points) Find a basis for Nul(T).
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b (5 points) Find the standard matrix form of 7" and denote it by A.
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c (10 points) Let S : R* — R* be the linear transformation defined by S(x)
AT is the transpose of A. Find a basis for the range (image) of S
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d (5 points) Determine whether S is one-to-one, and explain why
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