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Problem 1 : P re b §

1.a (5 points) Explain the difference between a sequence of numbers and a series of numbers
and give the definition of a convergent series.
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1.b (5 points) Give the definition of the harmonic series, and use the integral test to deter-
mine if it converges or not.
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Problem 2 Let f(z) := f 5 dt.
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2.b (5 points) Give an estimate for the value of f(1) that differs from the exact value by

less than 0.01.
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Problem 3 Let V be a comﬁlex vector space, A and B be two nonempty subsets of V, and

C be a subset of V whose elements are of the form a+ b for some a € A and b€ B. ie
C:={atblac A beB}.

3.a (5 points) Show that C' is a subset of the span of AU B, i.e., C C (AU B).
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3.b (5 points) Show that if A and B are subspaces of V, then C is also a subspace of V
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Problem 4 Let 9(2,2;R) be the vector space of 2 X 2 real matrices and L : M(2,2;R) —
M(2,2; R) be the function defined on MV(2, 2; R) according to: YM € M(2,2;R), L(M) :=

b
M7, where M7 stands for the transpose of M, i.e., if M = [ ¢ 5 },then L(M) = l L; ; ]
c

4.a (5 points) Show that L is a linear operator.
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4.b (5 points) Determine the null space of L.

Vm e Na( (L) L) =
A ; a o . o 6 =
[G b __,Q) [.!9 dl:[o 01
_—y
L om=a = Ma) =405 .
4.c (5 points) Determine if L is an isoﬁaorphism. Justify your response.
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4.d (5 points) Let'B := {E® E@ E® E®} be the standard basis of M(2, %;R), i.e.,

ED .= 10 5 E® .= 01 ; E® = 00 : EW .= b0 .
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Find the matrix representation of L in B.
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Problem 5 (10 points) Use the method of Gaussian elimination to determine the value(s) of

« for which the following system of equations has one or more solutions and find the general
form of its solution for this value(s) of «.
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Problem 6 Let M be an n x n matrix, I be the n x n identity matrix, and XA be a complex

number.

6.a (5 points) Show thm;j__:\ is an eigenvalue of M, then det(M — AI) = 0.
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6.b (5 points) Show that if det(M — AI) = 0, then X is an eigenvalue of M.
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6.c (5 points) Show that every eigenvalue of M is also an eigenvalue of the transpose of M.
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Problem 7 -(10 points) Let L : V — V be a linear operator acting in V and having three
distinet eigenvalues A;, Ag, and A3. Suppose that vi, v, and vs are eigenvectors of L with
eigenvalues A;, Ag, and Ag, respectively. Prove that {v;,vs,v3} is a .linearly-independent
subset of V.
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Problem 8 Let M = [

where « is a real parameter.
0 2+4+a

8.a (10 points) Solve the eigenvalue problem for M, i.e., find its eigenvalues and the general
form of the corresponding eigenvectors.
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" 8.b (05 points) Find all values of a such that M is not diagonalizable.
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